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a b s t r a c t
Materials exhibiting a negative Poisson’s ratio (auxetics) have drawn attention for the past two decades,
especially in the ﬁeld of lightweight composite structures and cellular media. Studies have shown that
auxeticity may result in higher shear modulus, indentation toughness and acoustic damping. Although
elastic properties of such materials have been extensively investigated, the effect of plasticity on auxetic
behavior has not been discussed. In particular, does the auxetic character of the material remain while
entering the plastic domain? The present work aims at modeling the nonlinear mechanical response of
auxetics. Full-ﬁeld simulations are performed using the ﬁnite element method with periodic boundary
conditions. Macroscopic modeling of auxetics is attempted using an anisotropic compressible plasticity
framework.
Ó 2012 Elsevier B.V. All rights reserved.

1. Introduction
In the case of isotropic elasticity, mechanical behavior can be
described by 2 parameters only, Young’s modulus E and Poisson’s
ratio m for instance. Poisson’s ratio is deﬁned in tension as the ratio
of the contraction in the transverse direction to the extension in
the longitudinal direction. Thermodynamically, m lies between 1
and 0.5. Most materials naturally present a positive Poisson’s ratio,
although negative Poisson’s ratio materials, or auxetics [1], have
been studied for more than two decades [2–8]. Such materials
are expected to exhibit enhanced mechanical properties such as
shear modulus and fracture toughness [9], indentation resistance
[10–12] but also acoustic damping [13,14] and crash resistance
[15]. Moreover, m < 0 allows synclastic curvature of plates [16],
thus enabling the manufacture of doubly-curved sandwich panels
without core buckling. To our knowledge the effect of plasticity
on auxetic behavior has not been assessed from a computational
mechanics perspective yet, this is the purpose of the present paper.
The microstructure considered and homogenization of the elastic properties are presented in Section 2. An extension to elastoplasticity based on full-ﬁeld simulations is performed in Section 3 using
ﬁnite elements (FEs) calculations with periodic boundary conditions. In Section 4, an isotropic compressible plasticity model is
presented in order to deﬁne a plastic Poisson’s ratio. An anisotropic
compressible plasticity framework is then introduced for modeling

the homogenized nonlinear behavior of the auxetic lattice considered. Results of identiﬁcation for model parameters obtained from
FE simulations and optimization based on a Nelder–Mead algorithm
are presented in Section 5.

2. Homogenization of an elastic auxetic microstructure
In this work, numerical homogenization is ﬁrst used for determining the effective elastic properties of the materials considered.
Computation is done over a unit-cell (deﬁned by its periodicity
vectors vi) with periodic boundary conditions (PBC) using FE1.
The macroscopic stress and strain tensors R and E are deﬁned by


the spatial averages:

R e hri ¼




1
V

Z

r dV; E e hei ¼

V 
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ð1Þ

PBC over the unit cell give displacement ﬁeld u such as:

u ¼ E x þ v


8x 2 V

ð2Þ

with x, the material point location vector and v, the periodic ﬂuctuation. v takes the same value at two homologous points on opposite
faces of V, whereas the traction vector t ¼ r n takes opposite

values, n being the normal vector.
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By applying either macroscopic strain or stress, one can compute the effective fourth-rank tensors of elastic moduli C and com
pliances S deﬁned such as:

Table 1
Local constitutive elastic parameters.
Young’s modulus (GPa)
Poisson’s ratio



R ¼ C : E;




E¼S:R







ð3Þ



For the purpose of this work, normalized Young’s modulus, shear
modulus and effective Poisson’s ratio are deﬁned in plane (1, 2) as
follows:

E¼

1 R11
;
E0 fV E11

l¼

1 R12

l0 fV E12

;

meff ¼ 

E22
E11

210
0.3

Table 2
Effective in-plane elastic properties of the hexachiral lattice.
Hexachiral

ð4Þ
Normalized Young’s modulus
Normalized shear modulus
Effective Poisson’s ratio

with local constitutive parameters E0 (Young’s modulus) and l0
(shear modulus).

0.0235
0.2339
0.73

2.1. Hexachiral lattice
The medium studied in this work is an auxetic periodic lattice, it
is considered for being used as core material for sandwich panels.
Ref. [8] deals with the characterization of anisotropic elastic properties for this microstructure. Volume fraction fV considered here is
15%. This chiral microstructure was ﬁrst proposed in [5] and studied in [7,17,8]. The 6–fold symmetry provides transverse isotropy
(cf. Fig. 1). Chirality is necessary for this lattice to be auxetic. The
tensor of elastic moduli for this material is expressed in MPa using
Voigt notation in Eq. (5). Local constitutive parameters are listed in
Table 1. A similar kind of 6–fold symmetric chiral lattice was proposed and studied in [18], yielding the same value for the effective
Poisson’s ratio: meff = 0.73, as shown in Table 2.
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The effective elastic properties presented in this part will be used
for mechanical modeling in Section 4.
3. Extension to elastoplasticity
Let us consider the following yield function f ðrÞ:


f ðrÞ ¼ req  r


ð6Þ

with the von Mises equivalent stress,

req ¼

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 dev
r : rdev

2

ð7Þ

where rdev is the deviatoric part of the stress tensor. Linear isotropic

hardening rule is adopted:

r ¼ r 0 þ hp

ð8Þ

where r0 is the yield stress, h the hardening modulus and p is the
cumulative plastic strain variable.
Local material is now considered isotropic von Mises elastoplastic. Plastic material parameters are shown in Table 3.
First, the auxetic behavior is investigated. Although the parameters given in Table 3 will be used in the following sections, a short
parametric study has been performed in order to assess the effect
of the hardening modulus on the Poisson’s ratio. Uniaxial straincontrolled tensile test is performed along direction 1 until 4% of total macroscopic strain. The homogenized cell exhibits a nonlinear
elastoplastic behavior (cf. Fig. 2). Now, if one considers the ratio
of transverse over longitudinal macroscopic strains, an apparent
Poisson’s ratio can be deﬁned in the nonlinear regime as deﬁned
in Eq. (9) and plotted on Fig. 2. From these curves we observe that
the auxetic nature of the lattice is kept with plasticity. The effect is
even stronger than in elasticity when the hardening modulus is in
the range (h = 100 MPa and h = 1000 MPa). The auxetic effect is
dependent on the size of the plastic zone in the unit cell. If the plastic zone is conﬁned in a small domain around the junction between
the rotating nodes and the connecting beams, as shown on Fig. 3
for low values of the hardening modulus, the auxetic deformation
mechanism is strengthened. For h = 10000 MPa, the plastic zone
spreads almost over the entire cell, thus fading the effect of plasticity on the auxetic behavior. The hardening modulus value,
h = 1000 MPa, is kept for the rest of this work since it is of the same
order of magnitude of several common alloys.

mapp ¼ 

E22
E11

ð9Þ

Now, anisotropy in the plastic regime is investigated. As a matter of
fact, there is no guarantee for the 6–fold symmetric material to behave isotropically in the plastic regime. Polar plots shown on Figs.
4–6 are obtained from uniaxial tensile and shear tests in every
direction of the plane (1, 2). Each point corresponds to a test for a
different direction with angle / from the principal direction 1 of
the structure deﬁned on Fig. 3. Figs. 4 and 6 shows stress level vs.
angle / for three given strain states: respectively 0.2% (green), 1%

Table 3
Local constitutive plastic parameters.

Fig. 1. Hexachiral unit-cell and periodicity vectors v1 and v2.

Yield stress (MPa)
Hardening modulus (MPa)

100
1000
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Fig. 2. Stress (plain curves) and apparent Poisson’s ratio (dashed curves) vs. strain
response for three different hardening moduli.

(red) and 4% (blue) total strain for tension, and 0.1%, 0.5% and 2% for
shear. Fig. 5 uses the same color code but for the apparent Poisson’s
ratio vs. angle / for the same given tension states. The three plots
show a quasi-transversely isotropic response for the hexachiral lattice with plasticity.

Fig. 4. Stress level (MPa) for 0.2% (green), 1% (red) and 4% (blue) total strain. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this article.)

4. Macroscopic modeling
An additional upscaling is performed. The mesoscopic elastoplastic behavior obtained in Section 3 is now modeled as a constitutive behavior for further use in large structural computations.
First, let us consider an isotropic compressible plasticity model
such as those developed by Green [19] and Abouaf et al. [20] for
porous metals, and by Miller [21] and Deshpande and Fleck [22]
for cellular materials. An extension to the anisotropic case was proposed by Badiche et al. [23] and Forest et al. [24].
Let us now consider a yield function f ðRÞ such as,


f ðRÞ ¼ Req  R

ð10Þ



where R is the macroscopic yield stress. Moreover, let us adopt the
following equivalent yield stress:

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
3 dev
Req ¼
CR : Rdev þ F Tr R


2 

ð11Þ

where Tr R is the trace of the stress tensor. C and F are coefﬁcients

accounting for the relative inﬂuence of deviatoric and hydrostatic
stress, they are usually expressed as functions of the porosity q
for isotropic materials.

Fig. 5. Apparent Poisson’s ratio for 0.2% (green), 1% (red) and 4% (blue) total strain.
(For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)

Associated plasticity is assumed, such as the macroscopic plastic strain rate is:

Fig. 3. Deformed shape of unit-cell after 4% of total strain, with von Mises equivalent stress map (h = 1000 MPa).
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Fig. 8. Stress and apparent Poisson’s ratio vs. strain for full-ﬁeld simulation and
macroscopic model for an uniaxial tensile test along direction 1.

Fig. 6. Stress level (MPa) for 0.1% (green), 0.5% (red) and 2% (blue) total shear strain.



 
@f
p_ 3 dev
E_ p ¼
CR þ F Tr R 1
¼

 
@ R req 2 

ð12Þ



In the case of uniaxial tension, we deﬁne the in-plane plastic Poisson’s ratio:

E_ p

mp ¼  _ 22
¼
p
E11

C
F  C2
F
¼2
CþF CþF

ð13Þ

When F = 0, incompressible plasticity is recovered. If C = 1, then
mp < 0 for F > 12 and limF? +1mp = 1. mp as a function of F is plotted
on Fig. 7.
Such a plasticity model is not fully capable of describing the
anisotropic behavior of our microstructure along direction 3, especially transverse contraction when tension is applied in plane (1,
2). In order to simplify the model, instead of using a fully anisotropic Hill tensor applied to the deviatoric stress tensor and a separate contribution of the hydrostatic stress, we consider here a
generalized Hill tensor applied to the Cauchy stress tensor.
We consider the same yield function f ðRÞ as in Eq. (10) with the

following equivalent yield stress:

Req ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R:H:R






simulations of the unit-cell. Then comparison between reference
data with results computed on a RVE is made and optimization
of macroscopic material parameters is run using a Nelder–Mead
(simplex) algorithm. The experimental database includes tensile,
shear and Poisson’s ratio curves. While loading in tension, we consider out-of-plane contraction. However, we do not take into account tension in direction 3 and out-of-plane shear. Tensorial
components of H (cf. Eq. (19)) and parameters for the hardening

rule (15) are thus identiﬁed:

R ¼ 1:29 þ 8:61p þ 0:1ð1  e140p Þ

ð16Þ

Identiﬁcation of the hardening rule was also performed for the two
other constitutive hardening moduli: h = 100 MPa (Eq. (17)) and
h = 10000 MPa (Eq. (18)) in order to test the robustness of the identiﬁcation scheme and to verify the effect of the local hardening
modulus on the macroscopic hardening rule:

R ¼ 1:26 þ 0:62p þ 0:1ð1  e160p Þ
86p

R ¼ 1:28 þ 25:9p þ 1:07ð1  e

Þ

ð17Þ
ð18Þ

We observe that linear hardening modulus in the macroscopic rule
increases with the local hardening modulus.

ð14Þ

where H is the applied generalized Hill fourth-rank tensor.

For the hardening rule, we consider an isotropic hardening
function with a nonlinear potential and a linear part:

R ¼ R0 þ Hp þ Q ð1  ebp Þ

ð15Þ

5. Simulation and identiﬁcation

Fig. 9. Stress vs. strain for full-ﬁeld simulation and macroscopic model for an pure
shear test in plane (1, 2).

In order to determine parameters for the model, we ﬁrst estimate some of them from reference curves obtained by periodic

Fig. 7. Plastic Poisson’s ratio for an isotropic material as a function of parameter F,
with C = 1. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

Fig. 10. Transverse strain vs. longitudinal strain for full-ﬁeld simulation and
macroscopic model for an uniaxial tensile test along direction 1.
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Comparison between curves from full-ﬁeld simulations and the
identiﬁed macroscopic model provides a good correlation as
shown on the tensile stress and apparent Poisson’s ratio vs. strain
curve (cf. Fig. 8), the shear stress vs. strain curve (cf. Fig. 9) and the
transverse strain vs. longitudinal strain curve (cf. Fig. 10).

2

1:00

0:9294

0:00031

0:0006

0

6 0:9294
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½H  ¼ 6
6 0:0006
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0
0:11554 0
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0
0
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0
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0
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3

07
7
7
07
7
07
7
7
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ð19Þ

6. Conclusions and prospects
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