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A long-standing problem in the modelling of polycrystal behavior from the knowledge of the
constitutive equations of single crystals is the incorporation of grain size effects. Standard homogenization procedures efﬁciently take into account grain to grain interaction primarily induced by strain incompatibilities at grain boundary and grain morphology effects. Continuum
crystal plasticity models are available that satisfactorily describe dislocation forest hardening
associated with multiplication and dynamic recovery of dislocation populations. One strong
limitation of these techniques is that the local crystal plasticity constitutive parameters at the
grain scale are assumed to be known. Conversely, these material parameters can be identiﬁed
from the macroscopic polycrystal response by an inverse approach involving the homogenization model. But then the found crystal plasticity model will be valid only for the considered
grain size and the model can hardly be used for prediction of polycrystal behavior for another
grain state of the material. Generalized continuum approaches arise as the suitable mechanical framework for formulating enhanced crystal plasticity models that intrinsically include
grain size dependent local material responses. They incorporate the dislocation density tensor
as a consitutive variable. Recent developments have shown the limitations of existing strain
gradient models in the case of a two–phase laminate microstructure under single or double
slip [1]. They plead for a theory even more general than the strain gradient or Cosserat approach, namely the micromorphic model presented here. The effect of the dislocation density
tensor is introduced into the classical crystal plasticity framework by means of a micromorphic theory of single crystals. A computational homogenization strategy is presented in order
to simulate the global and local responses of two–dimensional polycrystalline aggregates for
grain sizes ranging from 1 to 200 microns. The model is shown to induce a size–dependent
kinematic hardening component which is responsible for the observed strong size effects. The
yield stress at a given averaged plastic deformation is shown to follow a power law scaling
relation for grain sizes larger than a critical grain size. The ﬁeld of plastic deformation is also
strongly affected by grain size, micron–size grains leading to the formation of intense slip
bands crossing several grains.
c 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Introduction

The prediction of plastic strain ﬁelds inside polycrystals based on classical continuum crystal plasticity as considered in the ﬁnite element simulations of polycrystalline aggregates is
insensitive to absolute grain size [2–5]. In such full ﬁeld simulations, it is thought that the
absolute grain size should not be introduced explicitly into the constitutive equations since, in
a ﬁeld theory, the material point is not aware of the size of the grain it is sitting in. Rather,
the grain size effect should arise from information about gradient ﬁelds, for instance through
the dislocation density tensor which is directly related to the plastic strain gradient. Finite
element simulations of polycrystalline aggregates based on strain gradient plasticity models
have revealed signiﬁcant grain size effects, at least in a qualitative manner [6–8]. However,
evidence that strain gradient plasticity models are able to predict the Hall–Petch behaviour
from full ﬁeld simulations remains seldom.
The strain gradient effects do not affect the overall behaviour only but also the intragranular
ﬁelds of plastic deformation and stresses. Little evidence of this fact has been provided in
the literature from the computational side except recently in [9, 10] where it was shown that
strain localization phenomena can occur in small grains in the form of intense slip bands
associated with little contributions of the dislocation density tensor. Experimental evidence of
such phenomena remains rather difﬁcult to provide since large grain size ranges for the same
material and texture are necessary, which is rarely the case in practice.
The purpose of this work is to present a generalised continuum model, the microcurl model,
and to apply it to simulate the behaviour of polycrystalline aggregates with various microstructure sizes. It will be shown that a signiﬁcant size dependent linear kinematic hardening coming from the dislocation density tensor arises and that simple constitutive equations lead to
Hall–Petch like polycrystal behaviour provided that some intrinsic material parameters are
identiﬁed. This model shares several common features with available strain gradient plasticity models. It is a micromorphic crystal plasticity approach which belongs to the class of
generalised continuum models with additional degrees of freedom as presented in [11, 12].
It was proposed by Cordero et al. [1] to regularise the response in the presence of material
interfaces of the strain gradient plasticity theory from [13] which includes the full curl of the
p
.
plastic deformation tensor H
∼
The microcurl model is presented for crystal plasticity in section 2, within the framework
of small deformation theory. The reader is referred to the work [14] for the development of
the theory at ﬁnite deformation. The continuity requirements at grain boundaries are introduced in section 3 and their role in the size effects is studied. As an illustration, ﬁnite element
simulations of the simple shear response of a polycrystalline aggregate with a relatively small
number of grains (24 grains) are ﬁrst performed to have an overview of the size effects produced by the model. Various microstructure sizes are investigated and a virtual material is
considered with various intrinsic length scales. It is shown in particular that, even when no
classical isotropic hardening is introduced, the linear kinematic hardening produced by the
microcurl model is sufﬁcient to reproduce scaling laws observed in grain size effects. This
ﬁrst set of simulations also serves as a basis for the identiﬁcation of the intrinsic material parameters. Finally, ﬁnite element simulations of the simple shear response of a larger idealised
aluminium aggregate are performed in section 4. The impact of the microstructure size on the
overall response is investigated and the question of the dependence of plastic strain ﬁelds with
respect to grain size is addressed.
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The following notations are used: vectors and second rank tensors are respectively denoted
by a and a
; the curl operator in a Cartesian frame for a tensor a
of rank two is
∼
∼
(curl a
) = jkl aik,l ,
∼ ij

(1)

where ijk is the permutation tensor.

The microcurl model for crystal plasticity

2

In the crystal plasticity theory at small deformation, the gradient of the velocity ﬁeld, u̇ , can
be decomposed into the elastic and plastic deformation rates:
e

p

= u̇ ⊗ ∇ = Ḣ
+ Ḣ
,
Ḣ
∼
∼
∼

(2)

where the plastic deformation rate is the result of slip processes
p

Ḣ
=
∼

n


γ̇ α l α ⊗ n α ,

(3)

α

with n the number of slip systems, γ̇ α the slip rate for the slip system α, l α the slip direction
and n α the normal to the slip plane, l α ⊗ n α being the orientation tensor for the slip system
e
α. The elastic deformation H
accommodates the incompatibilities induced by the plastic
∼
p
deformation ﬁeld H
.
The
curl
operator
applied to a compatible ﬁeld gives zero, so we have:
∼
e

p

curl Ḣ
= curl Ḣ
+ curl Ḣ
= 0.
∼
∼
∼

(4)

The dislocation density tensor [15,16] characterises the incompatibility of plastic deformation,
it is deﬁned as:
p
e
= −curl H
= curl H
.
Γ
∼
∼
∼

(5)

The microcurl model originates from the need to include the dislocation tensor into the continuum crystal plasticity framework. It will be used to simulate the response of polycrystalline
aggregates with various microstructure sizes. It has been shown by Cordero et al. [1] that
this model produces a size–dependent linear kinematic hardening coming from a back–stress
contribution of the dislocation density tensor, or equivalently from geometrically necessary
dislocations (GNDs). The main characteristics of the generated size effect, namely the maximum extra–hardening, the characteristic size for which size effects occur and the scaling law
exponent, can be controlled through two generalised moduli introduced as material parameters.
Note that many authors do not introduce the full dislocation tensor itself in the constitutive modelling but rather the individual contributions of all slip systems in the form of scalar
densities of geometrically necessary dislocations, see for instance [13]. The amount of inforbut also leads to a higher
mation about all these densities is larger than that contained in Γ
∼
computational cost and to difﬁculties regarding interface conditions at grain boundaries, as
discussed in [17].
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2.1 Balance equations
The degrees of freedom of the theory are the displacement vector, u , and the additional plastic micro–deformation variable, χp , introduced as a generally non–symmetric second–rank
∼
tensor.
DOF = {u , χp }.

(6)

∼

The components of χp are introduced as independent degrees of freedom, in three–dimension
∼
(3D) they are nine, four of them remain in two–dimension (2D). These components are distinct
p
from the components of the plastic deformation, H
, which are treated as internal variables.
∼
p
The ﬁeld χ is generally incompatible, i.e., it may not derive from a vector ﬁeld. A ﬁrst
∼
gradient theory is adopted with respect to the degrees of freedom, however we assume that
only the curl part of the gradient of the plastic micro–deformation has an effect in the power
of internal forces. This is motivated by the deﬁnition (5) of the dislocation density tensor. The
microcurl continuum is characterised by an enhanced power density of internal forces of the
form:
: Ḣ
+s
: χ̇p + M
: curl χ̇p .
p(i) = σ
∼
∼
∼
∼
∼

∼

(7)

The stress tensor, σ
, is symmetric while the micro–stress tensor, ∼
s, and the double–stress
∼
,
are
generally
asymmetric.
Then,
the
total
power
of
internal
forces in a domain V
tensor, M
∼
with boundary ∂V is:

 

p
p
σ
dV,
−P (i) =
p(i) dV =
:
Ḣ
+
s
:
χ̇
+
M
:
curl
χ̇
∼
∼
∼
∼
∼
∼
V
V 

=
(σij u̇i ),j + (Mij jkl χ̇pik ),l dV
V


+
−σij,j u̇i + sij χ̇pij − jkl Mij,l χ̇pik dV,
V


σij,j u̇i dV −
(kjl Mik,l − sij ) χ̇pij dV
= −
V
V


+
σij nj u̇i dS +
jkl Mij nl χ̇pik dS.
∂V

∂V

The generalised balance of momentum equations are derived from the method of virtual
power. In the absence of body forces considered here for the sake of conciseness, we end
up with
div σ
= 0,
∼

curl M
+∼
s = 0.
∼

(8)

The corresponding boundary conditions are,
t =σ
.n ,
∼

m
=M
..n ,
∼
∼ ∼

(9)

are the simple and double tractions at the boundary, n is the unit normal
where t and m
∼
vector to the boundary. The meaning of the plastic micro–deformation, χp , will appear when
∼
stating the following constitutive equations.
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2.2 Constitutive equations
We introduce the relative plastic strain,
p
p
p
:= H
−χ
,
e
∼
∼
∼

(10)

measuring the difference between the plastic deformation and the plastic micro–deformation,
thus introducing a coupling between plastic micro and macro–deformation. Let us then consider the tensor,
Γ
:= curl χp ,
∼χ

(11)

∼

which is the curl part of χp in the same way as the dislocation density tensor given in Eq. (5)
∼
p
is the curl part of H
. The free energy function is assumed to have the following arguments:
∼


p
.
(12)
, Γ
ψ ∼
εe , e
∼
∼χ
e
e
where ε
is the elastic strain, i.e. the symmetric part of H
. The reduced entropy inequality
∼
∼
reads:


∂ψ
−ρ e
σ
∼
∂ε
∼


∂ψ
e
−
s
+ρ p
: ε̇
∼
∼
∂e
∼

p
+ M
−ρ
: ė
∼
∼

∂ψ
∂Γ
∼χ



p
+ σ
+∼
s : Ḣ
≥ 0.
: Γ̇
∼χ
∼
∼
(13)

And the following state laws are adopted:
σ
=ρ
∼

∂ψ
,
e
∂ε
∼

s
= −ρ
∼

∂ψ
,
p
∂e
∼

M
=ρ
∼

∂ψ
,
∂Γ
∼χ

(14)

so that the residual intrinsic dissipation rate remains as
p

D = (σ
+∼
s) : Ḣ
≥ 0.
∼
∼

(15)

If we consider a viscoplastic potential expressed in terms of the effective stress, Ω(σ
+s
), the
∼
∼
ﬂow rule reads:
p

Ḣ
=
∼

∂Ω
.
∂(σ
+s
)
∼
∼

(16)

Assuming a quadratic potential in Eq. (14), the following linear relationships are obtained:
σ
=Λ
:∼
εe ,
∼
≈

p
s = −Hχ e
,
∼

∼

M
= AΓ
,
∼
∼χ

(17)

where Λ
is the four–rank tensor of the elastic moduli assumed isotropic in this work, Hχ
≈
and A are the generalised moduli. It has already be noted that no dissipative part has been
introduced for Γ
. The reason is that this simple version of the model is sufﬁcient to highlight
∼χ
relevant size effects, at least in a qualitative manner. Realistic quantitative predictions would
[17–19].
require more complex constitutive equations for the generalised stress M
∼
www.gamm-mitteilungen.org
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For the sake of clarity, let us consider a crystal deforming under single slip conditions. The
plastic deformation rate is
p

= γ̇ l ⊗ n
Ḣ
∼

(18)

and the dissipation takes the form:
D = (τ + ∼
s : (l ⊗ n ))γ̇ ≥ 0.

(19)

where τ = σ
: l ⊗ n is the resolved shear stress. A generalised Schmid criterion is proposed
∼
|τ + ∼
s : (l ⊗ n )| = τc ,

(20)

where τc is the critical resolved shear stress taken to be constant (meaning that no strain–
hardening is considered here for simplicity). A back–stress component naturally arises in
: (l ⊗ n )| − τc . We can obtain the expression of this
the yield function f (τ, ∼
s) = |τ + s
∼
back–stress component, x, using Eqs. (8) and (17), we have:


p
x = −s
:
(l
⊗
n
)
=
A
curl
curl
χ
(21)
: (l ⊗ n ) .
∼
∼

2.3 Internal constraint
An internal constraint controlling the plastic micro–deformation is introduced. The modulus
Hχ in Eq. (17) sets a coupling between the macro and micro–variables, it can be seen as a
p
penalty factor constraining the relative plastic deformation, e
, to remain sufﬁciently small.
∼
Then, high values of the coupling modulus, Hχ , enforce the plastic micro–deformation to
p
be as close as possible to the macroscopic plastic deformation, H
. Due to Eq. (11), this
∼
internal constraint also links Γ
to
the
dislocation
density
tensor
Γ
. In what follows, as
∼χ
∼
is computed and referred as the dislocation density tensor.
high values of Hχ are used, Γ
∼χ
Moreover it has been shown in [1] that Hχ has a major effect on the scaling law exponent and
on the maximum extra–stress obtained analytically on a two–phase periodic microstructure
under simple shear. It will be shown later in this work that this effect remains in the case
p
of polycrystalline aggregates. In the limit, an inﬁnite coupling modulus leads to χp ≡ H
∼
∼
and then the microcurl model is equivalent to more conventional strain gradient plasticity
according to [13].

3

Size effects induced by grain boundaries

The model is now applied to simulate the response of polycrystals and the effects of the size
of their microstructure.
The interface conditions at grain boundaries play a major role in the simulated size effects
in the polycrystal behaviour. No special interface law is considered in this work, although such
physically motivated interface conditions exist in the literature, see [20]. Instead we consider
the canonical interface conditions that arise from the formulation of the balance equations of
the microcurl continuum model. These conditions are the continuity of displacement, u , and
the continuity of plastic micro–deformation, χp . These conditions also include the continuity
∼
, described in Eq. (9). Continuity of displacement
of the simple and double tractions, t and M
∼
www.gamm-mitteilungen.org
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excludes grain boundary cracking and sliding. Continuity of plastic micro–deformation is
reminiscent of the fact that dislocations generally do not cross grain boundaries, especially for
such random grain boundaries. Note that in the microcurl model, only the kinematic degrees
p
, which
of freedom χp are continuous. This is not the case of the plastic deformation, H
∼
∼
is treated here as an internal variable. However, due to the internal constraint discussed in
p
section 2.3, H
closely follows the plastic micro–deformation, so that it is quasi–continuous
∼
at grain boundaries when the penalty coefﬁcient, Hχ , is high enough. Conversely, lower
values of Hχ may allow slightly discontinuous plastic deformation, which may be tentatively
interpreted as dislocation sinking inside grain boundaries. The continuity of the associated
tractions expresses the transmission of classical and generalised internal forces from one grain
to another through grain boundaries. Such continuum models are then able to mimic in that
way the development of dislocation pile–ups at grain boundaries [21].
These continuity requirements at grain boundaries represent intermediate conditions between the so–called micro–hard and micro–free conditions used in the literature [8, 22]. According to the latter, the generalised tractions are set to zero at grain boundary and plastic slip
(or dislocation densities) are set to zero at interfaces according to the former conditions.

3.1 Boundary value problem for polycrystals
The size effects exhibited by the solution of the boundary value problem are linked to an
intrinsic length scale, ls , introduced through the generalised moduli Hχ and A of Eq. (17)
and deﬁned as:
ls =

A
.
Hχ

(22)

This intrinsic length scale has to be consistent with the fact that plasticity effects occur at
scales ranging from hundreds of nanometers to a few microns. In addition, as stated in section
p
2.3, the coupling modulus, Hχ , has to be chosen high enough to ensure that χp and H
are
∼
∼
close. Hχ also determines the scaling law exponent. These requirements are guidelines for
the choice of relevant generalised moduli Hχ and A. The sets of material parameters used in
this paper are chosen in that way.
The ﬁnite element simulations have been made on periodic 2D meshes of periodic polycrystalline aggregates generated by a method based on Voronoi tessellations (Fig. 1(a)(b)).
The integration order of elements is quadratic. The Voronoi polyhedra represent the grains,
the random distribution of their centers has been controlled so that their sizes are essentially
the same, that is why we can reasonably assume that the mean grain size, d, is sufﬁcient to
characterise the microstructure of our aggregates. A random orientation is assigned to each
grain and two slip systems are taken into account. In 2D, the plastic behaviour of f.c.c. crystals can be simulated with 2D planar double slip by considering two effective slip systems
separated by an angle of 2φ [23, 24]. Figure 1(c) describes the geometry. The slip system pair
is oriented by the angle θ which is the grain orientation randomly ﬁxed for each grain. For a
f.c.c. crystal φ = 35.1◦, it corresponds to the orientation of the close–packed planes in the
crystal lattice of the grain.

www.gamm-mitteilungen.org
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(b)

(c)
Fig. 1 (online colour at: www.gamm-mitteilungen.org) Periodic meshes of the 2D periodic aggregates
used in the ﬁnite element simulations: (a) 24 grains, (b) 52 gains. Two slip systems are taken into
account in each randomly oriented grain. Various mean grain sizes, d, ranging from tens of nanometers
to hundreds of microns, are investigated. (c) Description of the two effective slip systems for 2D planar
double slip.

Periodic homogenization for generalised continua is used to predict the effective response
of the polycrystal. The displacement ﬁeld is assumed to be of the form
.x + v (x),
u (x) = E
∼

(23)

with the ﬂuctuation v periodic, meaning that it takes identical values at homologous points of
the unit cell [25]. The plastic micro–deformation ﬁeld, χp , is assumed to be periodic, meaning
∼
that no rotational macroscopic plastic deformation is imposed to the unit cell. Its components
are equal at homologous opposite nodes. According to periodic homogenization, the simple
are anti–periodic at homologous points of the unit cell.
and double tractions t and m
∼
Polycrystals are random materials so that the periodicity constraint may lead to a bias in the
estimation of the effective properties. This boundary effect can be alleviated by considering
several realization of the microstructure and performing ensemble averaging [4].

www.gamm-mitteilungen.org

c 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim


194

N.M. Cordero, S. Forest, and E.P. Busso: Micromorphic crystal plasticity

Fig. 2 (online colour at: www.gamm-mitteilungen.org) Macroscopic stress–strain response of the 24–
grain aggregate under cyclic simple shear loading conditions with a mean gain size d ≈ 0.2μm. The set
of material parameters used is labelled (c) in Table 1.

Regarding the ﬁnite element implementation of the model, 2 displacement and four plastic
microdeformation degrees of freedom are attributed to each node of the mesh. Usual quadratic
shape functions and their derivatives are used to evaluate the microdeformation, the strain
tensor and the microdeformation gradient at the Gauss points where the evolution equations
for internal variables are solved using a fourth order Runge–Kutta method. An estimate of the
consistent tangent matrix is provided for the resolution of the Newton algorithm associated
with the static equilibrium condition corresponding to an implicit scheme [6, 26]. Note that
this ﬁnite element formulation is probably not well–suited to the corresponding mathematical
problem since only the curl of the microdeformation is considered instead of its full gradient.
As a result the proposed ﬁnite element formulation may preclude localization modes which do
not give rise to curl effects. For example, shear bands with strain discontinuities may not be
well captured by the proposed elements which assumes continuity of the degrees of freedom.
As a check of the numerical scheme, exact analytical solutions have been tested for single
and double symmetric slip, see [1]. Also, we will show at the end of the paper that strain
localization effects are indeed observed using the numerical scheme, see also [27]. Probably,
the best numerical scheme for such a model based on the curl operator is provided in [28].
3.2 Overall stress and cyclic response of a polycrystalline aggregate
The ﬁnite element simulations of the boundary value problem presented previously have been
conducted under generalised plane strain conditions on aggregates with a relatively small
number of grains. The aim here is not to obtain a representative response but to catch the
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Table 1 Sets of material parameters used in the 24–grain aggregate case (Fig 1(a)). The intrinsic length

scale, ls = A/Hχ , is given for each set.

Set
a
b
c
d

shear modulus μ [MPa]
35000
35000
35000
35000

τc

[MPa]

40
40
40
40

Hχ [MPa]
3.0 106
1.0 106
3.5 105
8.8 104

A [MPa mm2 ]
1.0 10−2
1.0 10−2
1.0 10−2
1.0 10−3

ls [μm]
5.8 10−2
1.0 10−1
1.7 10−1
1.1 10−1

grain size effects and to explore qualitatively the impact of different sets of material parameters. In this section, a virtual material is considered with various intrinsic length scales.
The macroscopic stress–strain curve shown in Fig. 2 is obtained by applying a cyclic simple
shear loading controlled by the average stress component E12 on the aggregate of 24 grains
with d = 0.2μm and the set of material parameters labelled (c) in Table 1. The mean stress
component Σ12 is then computed:


1
1
σ12 dV, E12 =
ε12 dV,
(24)
Σ12 =
V V
V V
where V denotes each polycrystal unit cell. The simulated response illustrates the kinematic
hardening produced by the microcurl model. The stress–strain curves obtained in the next
case (see Fig. 4) show that this kinematic hardening is size dependent: It increases for smaller
grains. Note that the observed overall kinematic hardening has two distinct sources: the intragranular back–stress induced by plastic strain gradients, and the intergranular internal stress
that originates from the grain to grain plastic strain incompatibilities. The latter contribution
is also predicted by classical crystal plasticity models.
Figure 3 presents the effect of the mean grain size, d, on the macroscopic ﬂow stress at
1% plastic strain in the 24–grain aggregate in a log–log diagram for different intrinsic length
scales, ls , introduced through the sets of material parameters (labelled a, b, c and d) given
in Table 1. The curves exhibit two plateaus for large (d > 20μm) and small (d < 0.1μm)
mean grain sizes with a transition domain in between. This tanh–shape indicates that when
d is large compared to the intrinsic length scale, ls , strain gradient effects are small and the
kinematic hardening arising from the microcurl model vanishes. The model saturates when
d is of the order of ls or smaller. The transition domain exhibits a strong size dependence,
the polycrystalline aggregate becoming harder for decreasing grain sizes. The position of
the transition zone, the maximum extra–stress (the distance between the two plateaus) and
the scaling law exponent, m, in the size dependent domain are controlled by the material
parameters used in the model. The two latter effects are controlled by the coupling modulus,
Hχ , they both increase for higher values of Hχ as shown in Fig. 3. The scaling exponent
is deﬁned as the slope in the log–log diagram in the inﬂection domain, reﬂecting the scaling
law:
Σ12 ∝ dm .

(25)

It is obtained with the sets of material parameters given in Table 1. The found values range
from −0.26 to −0.64 including the well–known Hall–Petch exponent m = −0.5. In fact it
www.gamm-mitteilungen.org
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Fig. 3 (online colour at: www.gamm-mitteilungen.org) Effect of the mean grain size, d, on the macroscopic ﬂow stress, Σ12|1% , at 1% plastic strain. The results are obtained for the 24–grain aggregate using
the sets (a) to (d) of material parameters given in Table 1. The scaling law exponent, m, is identiﬁed in
each case.

was shown in [1] that values of m ranging from 0 to −2 can be simulated with the microcurl
model in the case of two–phase microstructures. In each case, these values are obtained
without classical isotropic hardening, meaning that the linear kinematic hardening produced
by the model is able to reproduce a wide range of scaling laws. Note that conventional strain
gradient plasticity models do not lead to tanh–shape curves but rather to unbounded stress
increase for vanishingly small microstructures [1].

4

Grain size effects in idealised aluminium polycrystals

Similar ﬁnite element simulations have been performed on idealised aluminium aggregates
of 52 grains shown in Fig. 1(b). An additional isotropic hardening component is added as
in [29] to obtain a more realistic response of large aluminium grains. The size–independent
hardening law reads:
Rα = τc + Q

n





β
hαβ 1 − exp −b γcum
,

(26)

β

where n is the number of slip systems (here n = 2), Q and b are material coefﬁcients deﬁning
β
is the accumulated
non–linear isotropic hardening, hαβ is the interaction matrix and γcum
micro–plastic slip on the slip system β. Cumulative plastic slip results from the integration
β
of the differential equation γ̇cum
= |γ̇ β |. The material parameters used in these simulations
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Fig. 4 (online colour at: www.gamm-mitteilungen.org) Macroscopic stress–strain response of the 52–
grain aggregate under simple shear for various mean grain sizes, d. The set of material parameters used
is labelled (g) in Table 2.

Table 2 Sets of material parameters used in the 52–grain aggregate case (Fig 1(b)).

Set
e
f
g

μ [MPa]
27000
27000
27000

τc [MPa]
0.75
0.75
0.75

Q [MPa]
7.9
7.9
7.9

b
10.2
10.2
10.2

hαα
1
1
1

hαβ, α=β
4.4
4.4
4.4

Hχ [MPa]
1.0 106
3.5 105
5.0 104

A [MPa mm2 ]
1.0 10−2
1.0 10−2
1.0 10−2

ls [μm]
1.0 10−1
1.7 10−1
4.5 10−1

are given in Table 2. The macroscopic stress–strain curves presented in Fig. 4 are obtained
by applying a simple shear loading controlled by the average strain component E12 on the
52–grain aggregate with various mean grain sizes, d, taken in the size dependent domain. The
chosen set of material parameters has the label (g) in Table 2. These parameters are such
that an acceptable description of aluminium polycrystals is obtained for large grains and that
a Hall–Petch–like behaviour is found in a plausible range of grain sizes. However we did
not attempt to calibrate the amplitude of the extra–hardening so that simulation predictions
remain qualitative. The curves of Fig. 4 show again that the kinematic hardening produced
by the model is strongly size dependent. The evolution of the macroscopic ﬂow stress at 1%
plastic strain in the 52–grain aggregate is shown in Fig. 5 in the same way as it was done in
Fig. 3. The set of material parameters (g) of Table 2 gives the ideal Hall–Petch scaling law
exponent m = −0.5.
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Fig. 5 (online colour at: www.gamm-mitteilungen.org) Effect of the mean grain size, d, on the macroscopic ﬂow stress, Σ12|1% , at 1% plastic strain. The results are obtained for the 52–grain aggregate using
the different sets of material parameters given in Table 2. The scaling law exponent, m, is identiﬁed in
each case.

An important output of the simulations is the dependence of the stress and strain ﬁelds in
the grains of the polycrystal on grain size. Figures 6 and 7 show the contour plots of the ﬁeld
of accumulated plastic slip, computed as
ṗ =

2 p p
ε̇ : ε̇ ,
3∼ ∼

(27)

p
p
is the symmetric part of the plastic deformation, H
, and the contour plots of the
where ε
∼
∼
norm Γ of the dislocation density tensor,

Γ= Γ
:Γ
,
(28)
∼
∼

respectively. The considered grain sizes are taken in the size dependent domain where the
evolution of the ﬁelds is assumed to be physically relevant. The chosen set of material parameters has the label (g) in Table 2, it corresponds to an intrinsic length scale ls = 0.45μm and
gives a scaling law exponent m = −0.5. The mean value of the accumulated plastic slip is the
same in every case, only its distribution varies with the size of the microstructure as shown in
Fig. 6.
The ﬁrst contour plot of each ﬁgure is obtained for d = 200μm  ls = 0.45μm, at the
very beginning of the size–dependent behaviour domain according to Fig. 5. At this size,
the simulated ﬁelds show that p is quite inhomogeneous and that some deformation bands
appear; Γ is localised at the grain boundaries and almost vanishes in the grain cores. The
www.gamm-mitteilungen.org
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d = 20μm

d = 2μm

d = 10μm

d = 1μm

Fig. 6 (online colour at: www.gamm-mitteilungen.org) Grain size effect on the accumulated plastic
slip. These contour plots are obtained with the 52–grain aggregate for the same mean value of p = 0.01.
The set of material parameters (g) of Table 2 is used. The pairs of slip plane directions are represented
for each grain on the 1μm contour plot.

contour plots obtained for 2μm< d < 20μm show a signiﬁcant evolution of both ﬁelds. One
observes the progressive building of a network of strain localization bands. These bands are
slip bands as they are parallel to the slip plane directions represented on the 1μm contour plot
of Fig. 6. They compensate the larger blue zones where plastic strain cannot develop due to
the higher energy cost associated with its gradient. Plastic strain becomes stronger inside the
localization bands. The snapshots of Fig. 6 are given for a mean value of cumulative plastic
strain p = 0.01. They correspond to different values of the imposed total shear strain since the
overall elastic part of strain increases for decreasing grain sizes, as suggested by Fig. 4. The
ﬁeld of the norm of the dislocation density tensor is still high close to grain boundaries and
spreads over the grain cores. The last contour plot of each ﬁgure is obtained for d = 1μm, a
size close to ls . Here the model starts to saturate, which can be seen from the simulated ﬁelds.
The ﬁeld of p does not evolve anymore and Γ decreases. In fact, as ls controls the strain
gradient effects, strong strain gradients cannot develop because they become energetically too
expensive when the microstructure size is too small.
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d = 200μm

d = 4μm

d = 20μm

d = 2μm

d = 10μm

d = 1μm

Fig. 7 (online colour at: www.gamm-mitteilungen.org) Grain size effect on the norm of the dislocation
density tensor. These contour plots are obtained with the 52–grain aggregate for the same mean value
of p = 0.01. The set of material parameters (g) of Table 2 is used. The pairs of slip plane directions are
represented for each grain on the 1μm contour plot.

5

Conclusion

The aim of this work was to investigate the grain size effects in generalised continuum crystal plasticity. For that purpose, the microcurl model has been presented for crystal plasticity
and some of its capabilities have been illustrated. It produces a linear kinematic hardening
coming from the dislocation density tensor, or equivalently from the GNDs. This model was
ﬁrst applied to simulate small polycrystalline aggregates of 24 grains under simple shear loading. Several sets of material parameters have been used to explore their effects on the overall
response. In particular, the effect of the modulus Hχ on the scaling law exponent was highlighted. This ﬁrst set of simulations has shown that a wide range of scaling law exponents
can be simulated by the model without classical isotropic hardening. Then, the simple shear
response of larger idealised aluminium aggregates of 52 grains has been simulated with material parameters chosen according to the previous results. It was shown that the grain size
has a strong effect on the overall behaviour of these polycrystals. Material parameters were
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set to retrieve the Hall–Petch scaling law. Note however that the simulated size effects mainly
affect the hardening behaviour of the considered polycrystals and not the initial yield stress,
which is a limitation of the presented constitutive framework, see the discussion in [30]. The
parameter A that incorporates the intrinsic length of the model, can be calibrated from the
macroscopic dependence of the stress as a function of grain size for instance. So it can be
calibrated from an experimental Hall-Petch diagram. Its order of magnitude can also be taken
from idealized dislocation models like pile-up structures as done in [21]. The parameter Hχ
can be used either as a penalization term to reproduce a strain gradient model but we think
that it is in fact a constitutive modulus that can be identiﬁed to better reproduce the scaling
law of Hall-Petch diagrams or other scaling effects, as done in [1].
A strong dependence on the size is also observed regarding plastic strain and dislocation
density tensor ﬁelds. A network of slip bands is progressively built and the GND pileups,
deﬁned as the norm of the dislocation density tensor simulated with the microcurl model,
spread over the grains for smaller sizes of the microstructure.
The micromorphic approach has strong computational advantages compared to strict strain
gradient models for which the yield condition becomes a partial differential equation. Handling an independent set of degrees of freedom and enforcing a constraint only in a weak form
makes the ﬁnite element formulation straightforward as recognized in [17, 19, 31, 32].
There are still some severe limitations in the proposed approach in the sense that the constitutive equations are still naive, especially the choice of the quadratic potential with respect to
the dislocation density tensor only accounts for linear kinematic hardening, as demonstrated
in [1]. Non-linear evolution equations are needed for identiﬁcation from experimental stress–
strain loops for polycrystals. It was already mentioned in [21, 33] that the modulus A also
depends on the dislocation density itself, as shown in [34, 35].
The simulations presented in this work were limited to double slip. Considering the 12 slip
systems of FCC crystals leads to signiﬁcantly weaker size effects, as evidenced in [30]. In
that case, the interface continuity conditions may well be insufﬁcient to trigger the formation
of boundary layers at grain boundaries.
Another perspective is the choice of an additional dependence of the free energy function
on the norm of the dislocation density tensor, as used in [36, 37]. In the latter reference,
a direct effect of the dislocation tensor on the microscopic yield stress inside a grain was
demonstrated, instead of the inﬂuence on the hardening modulus exhibited by the present
model. Probably both contributions must be combined and the corresponding scaling laws
remain to be determined.
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