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A mean field mechanical model describing the inelastic behavior and strong anisotropy of Directionally
Solidified (DS) materials is developed. Its material parameters are calibrated by comparison with the
Finite Element (FE) computation of a Representative Volume Element (RVE). In the case of a large grain
alloy where microstructure size cannot be neglected with respect to geometrical variations, this approach
is a good candidate to evaluate the local scatter coming from the material heterogeneity.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Aeronautical and space industries show a growing interest for
Directionally Solidified (DS) materials, especially for nickel-based
superalloys. These alloys are used in components operating at high
temperatures like turbine blades (Vladimirov et al., 2009; Yang
et al., 2011; Shi et al., 2012; Chen et al., 2012). This kind of struc-
ture is a good compromise between high resistance–high cost sin-
gle crystal and cheaper polycrystalline materials: DS alloys
manufacturing is easier than single crystal, and it presents higher
mechanical properties than polycrystals for a large range of tem-
perature. In DS microstructures, grains have a purely columnar
morphology, the h001i direction being the same for all of them
(x3 direction in this paper), and the secondary orientation having
a random character in the normal plane, Fig. 1(a). DS like micro-
structures are also present in other components like combustion
chambers, for which the solidification process generates preferen-
tially oriented columnar grains perpendicular to the surface in thin
wall zones. Such parts classically show heterogeneous microstruc-
tures, where the columnar grains, present in a limited area, are sur-
rounded by large zones made of small equiaxed grains.

Both grain morphology and crystal orientation produce a strong
anisotropy that is a crucial matter for component design. This ef-
fect is more and more sensitive when the grain size remains large
with respect to the geometry of the component. A variation can
then be observed from one component to the other, so that the
estimation of the time to failure should include a statistical ap-
proach. The evaluation of the stress distribution can be achieved
on a series of realizations, using an explicit modeling of the grains
in the component, and a full-field approach where the orientation
distribution comes from experimental Electron BackScatter Dif-
fraction (EBSD) measurements. However, this time-consuming
method is not appropriate for industrial applications. In this frame-
work, results obtained with mean-field models are analyzed, in or-
der to check if a one-shot computation with a DS model is able to
reproduce a series of calculations with various geometrical and
crystallographic realizations. Mean field approach has already been
used in the literature to predict the mechanical behavior of DS
microstructures: elastic anisotropy has been investigated by
Hasebe et al. (1992), Hendrix and Yu (1998), and Yaguchi and Bus-
so (2005), using Kneer’s self-consistent elastic scheme (Kneer,
1965), while inelastic evolution has yet been predicted in the work
of Saï et al. (2006), by means of an adapted Kröner’s self-consistent
approach (Kröner, 1961) with a uniform elastic local behavior.
However, to authors’ best knowledge, there is no attempt to ac-
count for both elastic and inelastic heterogeneities in such
materials.

In the two last decades, DS materials have been the subject of a
growing interest inducing an intense experimental activity and
theoretical developments (Kowalewski and Mughrabi, 1998;
Okada et al., 1998; Yuan et al., 1998; Wang et al., 2006; Gordon
et al., 2007; Xia et al., 2008; Zhao et al., 2008; Nie et al., 2009;
Chu et al., 2010; Latief et al., 2014). The creep behavior of DS
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Fig. 1. (a) Columnar morphology of DS grains. (b) Notched specimen used to evaluate the various models.
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Nickel-base superalloy GTD 111 has been investigated at various
temperatures (649–982 �C) and stresses (124 MPa to 896 MPa) by
Ibanez et al. (2006). Other researchers (Kupkovits and Neu, 2010)
performed cyclic tests on smooth and notched CM247LC speci-
mens, with longitudinal or transverse grain orientation. The ther-
momecanical loading is applied either in-phase or out-of-phase.
The deformation and damage mechanisms are linked to the sever-
ity of the notch and the temperature history. The model framework
is crystal plasticity, in order to highlight the effect of the elastic
modulus and to link fatigue life to both temperature and the
microstructure. The same material has been characterized in low
cycle fatigue at 750 �C and 950 �C, using various strain rates, dwells
at the maximum temperature, and stress concentrations (Moore
and Neu, 2011). Low cycle fatigue and creep-fatigue tests of a DS
like Nickel-base superalloy (DZ112) have been performed by Shi
et al. (2010) at 850 �C in order to study the influence of dwell time
on creep-fatigue interaction. Macroscopic elastoviscoplastic mod-
els coupled with anisotropy and/or damage have been developed
to capture the fatigue and creep behavior of DS Nickel-base super-
alloys (Österle et al., 2000; Han et al., 2001a,b; Prasad et al., 2005,
2006; Shenoy et al., 2006; Ibanez et al., 2006; Yaguchi et al., 2007;
Moore and Neu, 2011; Stewart et al., 2011; Shi et al., 2013). An
other group of studies deals with the integrity of DS materials.
The fluctuation of J-integral, during high-temperature fatigue crack
propagation, due to the microscopic inclination of crack and the
elastic anisotropy of each grain has been investigated by means
of a series of FE analysis on a cracked body made of DS Nickel-base
superalloy (Yamamoto et al., 2008). Cyclic fatigue assessment has
been performed using a modified Hill approach to describe the
anisotropic failure surface (Bernhardi and Mücke, 2000). The effect
of pre-exposure to the oxide spiking damage mechanism and crack
initiation life has been characterized for a DS Nickel-base superal-
loy (GTD-111) by Gordon et al. (2009).

The present work aims at describing the effects of elastic and
inelastic heterogenetities in the Nickel-base superalloy Inconel
718, using the multiscale scheme proposed by Sabar et al. (2002).
It is demonstrated that elasticity and plasticity have their own con-
tributions to anisotropy that must be taken into account. Their
respective effects are calibrated by means of FE computations,
and included into the mean-field model. The latter is then used
to predict the scatter of the stress field in a notched component,
Fig. 1(b), where the two jaws are made of equiaxed grains while
the notch is composed of DS grains, the solidification direction
being normal to the free surface.

The paper is organized in the following manner. The various tran-
sition rules used for the mean-field computations and the constitu-
tive equations which are based on crystal plasticity are presented in
Section 2. In Section 3, the material parameters defining the single
crystal behavior are obtained following a precise identification strat-
egy. These parameters are then applied to DS grains, in order to
exhibit the anisotropic behavior of the microstructure. In Section 4,
a FE analysis of an Inconel 718 notched specimen is performed with
three approaches: use of a macroscopic model; explicit full field
description of the material (e.g., the various grains) in the compo-
nent; computation with the mean-field model.
2. Multiscale schemes applied to polycrystalline aggregates

A self-consistent approach of the polycrystal modeling has been
developed by Hill (1965) for elastoplastic material. The model is
briefly recalled in this section, together with simplified expressions
in the case of uniform elasticity. The case of elastoviscoplastic
behavior will be considered as well, by means of a translated fields
approach.

2.1. Hill’s model

In the model, a ‘‘phase’’ represents all the grains that are in a gi-
ven class of crystallographic orientation. An average stress and
strain is attributed to this phase, that will still be denoted by the
word ‘‘grain’’ in the following. The global behavior results from
the resolution of a series of auxiliary problems that assumes each
grain g behaves like an ellipsoidal inclusion embedded in a homo-
geneous effective medium (HEM) resulting from the average of all
the grains. Eshelby’s inclusion formalism (Eshelby, 1957) is used to
describe the interaction between each grain and the aggregate. In
this classical theory, the stress state in the inclusion results from
an eigenstrain e

�
L. The HEM surrounding the inclusion undergoes,

at infinity, an eigenstrain E
�

L when the overall strain E
�

is applied.

A rate form must be applied for the case of elastoplasticity. This
is why a linearization procedure is introduced by Hill (1965), lead-
ing to the following elasto-plastic instantaneous moduli:

_r
�g ¼ L

�g : _e
�g ð1Þ

_R
�
¼ L
�

eff : _E
�

ð2Þ

Solving Eshelby’s problem provides the strain and stress rates at the
grain level:

_e
�g ¼ _E

�
þ S
�

: _e
�

L ð3Þ

_r
�g ¼ L

�
eff : _e

�g � _e
�

L
� �

ð4Þ

where S
�

is the well known Eshelby’s tensor. This four-rank tensor is
linked to the elastic tensor of the HEM C

�
eff and the inclusion

morphology.
From these equations, relations between local and overall states

can be defined introducing a transition rule, Eq. (5), and strain rate
concentration tensors A

�g , Eq. (6):

_r
�g ¼ _R

�
þL
�

H : _E
�
� _e
�g

� �
with L

�
H ¼ L

�
eff : S

�
�1 � I

�

� �
ð5Þ

_e
�g ¼ A

�g : _E
�

with A
�g ¼ I

�
� S
�

: ðI
�
�L
�

eff�1
: L
�gÞ

h i�1
ð6Þ

where I
�

is the fourth-rank identity tensor, and L
�

H is the accommo-
dation tensor. Thus, effective tangent operator has an implicit form:

L
�

eff ¼ L
�g : A

�g

D E
ð7Þ

Depending on the microstructure, the model can be derived into
different forms:
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� For an equiaxed microstructure, Eshelby’s inclusions can be
considered as spherical (Fig. 2). The local elasticity C

�g , according

to the fcc (face centered cubic) crystal structure of Nickel-base
alloys, has a cubic symmetry, Eq. (B.1). If homogenization is
applied on a large number of randomly oriented grains, HEM
elasticity becomes isotropic (C

�
eff =K

�
eff ). In this particular case,

Eshelby’s tensor depends only on Poisson’s ratio m, Eq. (B.4).
� For DS microstructures, the columnar geometry can be repre-

sented by a collection of infinite cylinders (Fig. 3) along x3

(a1 ¼ a2; a3 !1), so that the Eshelby’s tensor takes the form:
S
�
¼

S1111 S1122 S1133 0 0 0
S1122 S1111 S1133 0 0 0

0 0 0 0 0 0
0 0 0 S2323 0 0
0 0 0 0 S2323 0
0 0 0 0 0 S1212

0
BBBBBBBB@

1
CCCCCCCCA

ð8Þ
It results from Eq. (3) that eg33 ¼ E33. If the polycrystal contains a
sufficient number of DS grains, the elasticity tensor presents a
transverse isotropy, Eq. (B.2). Starting from the cubic elasticity ten-
sor, C

�
0 the elasticity tensor of any randomly oriented DS single crys-

tal can be expressed as follows:
C
�g
¼ R

�h�R
�h

� �
: C
�

0 : R
�h�R

�h

� �T
ð9Þ
where R
�h characterizes a rotation h around x3 axis.

2.2. Simplified schemes

The model can be simplified if the elasticity is assumed to be
uniform in the polycrystal (C

�g ¼ C
�

eff ). In this case the heterogene-

ities relates to plastic behavior only, and Hill’s transition rule can
be turned to:

r
�g ¼ R

�
þL
�

H : C
�

eff�1
: R
�
�r
�g

� �
þ E

�
p � e

�
p
g

� �h i
r
�g ¼ R

�
þ I

�
þL
�

H : C
�

eff�1
� ��1

: L
�

H : E
�

p � e
�

p
g

� �
ð10Þ

Equiaxed microstructures and DS materials lead then to different
expressions, as shown below.

2.2.1. Equiaxed microstructure
For the description of particular symmetries, two four-rank

tensors namely K
�

and J
�

are introduced. K
�

and J
�

transform any sec-

ond-order tensor a
�

to its spherical and deviatoric part, respectively.

K
�

: a
�
¼ 1

3
Trða

�
Þ I
�

ð11Þ

J
�

: a
�
¼ devða

�
Þ ¼ a

�
�K
�

: a
�

ð12Þ

It is worth noting that:

K
�
þ J
�
¼ I
�
; K

�
: J
�
¼ J
�

: K
�
¼ 0
�
; K

�
: K
�
¼ K
�

and J
�

: J
�
¼ J
�

ð13Þ
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Fig. 2. Eshelby’s problem for e
As mentioned before (Fig. 2), the elasticity tensor of a polycrystal
composed of equiaxed grains has an isotropic symmetry, thus:

K
�

eff ¼ 3k K
�
þ2l J

�
ð14Þ

where l and k are respectively the shear and the bulk modulus.
They can be expressed as functions of E and m:

l ¼ E
2ð1þ mÞ and k ¼ E

3ð1� 2mÞ ð15Þ

In the same way, the Eshelby’s tensor representing a spherical
inclusion in an isotropic HEM can be decomposed:

S
�
¼ a K

�
þb J

�
ð16Þ

with

a ¼ 3k
3kþ 4l

and b ¼ 6ðkþ 2lÞ
5ð3kþ 4lÞ ð17Þ

Berveiller and Zaoui (1979) have proposed an isotropic approxima-
tion of the effective secant operator, introducing an approximate
isotropic moduli such that:

L
�

eff ¼ 3k0 K
�
þ2l0 J

�
ð18Þ

Eq. (10) can then be simplified, and by considering that local and
global plastic strain traces are zero, the so called Berveiller–Zaoui
transition rule is obtained:

r
�g ¼ R

�
þ2l ð1� bÞl0

blþ ð1� bÞl0 E
�

p � e
�

p
g

� �
ð19Þ

Finally, this expression reduces to:

r
�g ¼ R

�
þ2lð1� bÞa E

�
p � e

�
p
g

� �
with

1
a
¼ 1þ 3

2

kE
�

pk
JðR
�
Þ ð20Þ

where JðR
�
Þ and kE

�
pk are the equivalent von Mises overall stress and

the equivalent overall plastic strain, respectively.

2.2.2. DS microstructure
Without accounting for plasticity in the HEM (L

�
eff ¼ C

�
eff ), the

following rule had been proposed by Kröner (1961):

r
�g ¼ R

�
þC
�

eff : I
�
� S
�

� �
: E
�

p � e
�

p
g

� �
ð21Þ

Since elasticity replaces plasticity in the HEM, the resulting behav-
ior is then too hard, since the internal stresses are overestimated.
Compared with Hill’s model, the nonlinearity of the operator multi-
plying the difference between global and local plastic strain tensors
is not introduced. Nevertheless, this model can be taken as a new
starting point for an alternative approach, where the nonlinearity
is transferred to the term that represents heterogeneity. This is
made in the so called b-rule that introduces a state accommodation
variable b

�
g with a non linear evolution (Cailletaud, 1992; Pilvin,

1994; Cailletaud and Saï, 2008):
quiaxed microstructures.



x2

x3

x1

(<100>)

Fig. 3. Eshelby’s problem for DS microstructures.
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_b
�

g ¼ _e
�

p
g � D

�
: b
�

gk _e
�

p
gk ð22Þ

The concept has been specialized to DS alloys by Saï et al. (2006),
according to:

r
�g ¼ R

�
þK
�

eff : I
�
� S
�

� �
: b

�
�b
�

g

� �
with b

�
¼ b

�
g

� �
ð23Þ

The tensor D
�

involves five independent material parameters shown

in Table 1. They have been fitted by comparison to tensile test
simulations obtained with (i) the mean-field model, Eq. (23) (ii)
by averaging the full-field FE responses of a RVE of DS material.

2.3. Translated fields

The previous models are valid for time independent elastoplas-
ticity. An alternative framework should be chosen to account for
viscoplastic flow. The scheme proposed by Sabar et al. (2002),
which is based on the integral equation for a translated strain rate
field is a good candidate, that introduces an independent treatment
of the instantaneous elastic fields and time-dependent viscoplastic
ones:

r
�g ¼ C

�g : e
�

e
g ¼ B

�g : _e
�

p
g ð24Þ

R
�
¼ C
�

eff : E
�

e ¼ B
�

eff : _E
�

p ð25Þ

where B
�g and B

�
eff are respectively the local and effective secant

viscoplastic moduli. Introducing fluctuation terms in the moduli
(C
�g ¼ C

�
þdc
�g ;B�g ¼ B

�
þdb
�g), gives the opportunity to write strain rate

concentration tensors for each part of the deformation (A
�

C
g ;A�

B
g ), such

as:

_e
�

e
g ¼ A

�
C
g : _E

�

e
with A

�
C
g ¼ I

�
þ S
�

: C
�

eff�1
: dc
�g

h i�1
ð26Þ

_e
�

p
g ¼ A

�
B
g : _E
�

p
with A

�
B
g ¼ I

�
þ T
�

: B
�

eff�1
: db
�g

h i�1
ð27Þ

where T
�

is the equivalent Eshelby’s tensor for the secant operator B
�

.
Unlike elasticity tensor, this viscoplastic operator has to be
considered with the general orthotropic symmetry. In this case,
general Eshelby’s equation has to be applied, as defined in Mura
(1987), using a numerical integration (see Appendix C). Self-consis-
tency leads to:

C
�

eff ¼ C
�g : A

�
C
g

D E
; B

�
eff ¼ B

�g : A
�

B
g

D E
ð28Þ

According to Sabar et al. (2002), the combination of both elastic and
viscoplastic parts gives:
Table 1
Dijkl constant values fitted for DS microstructures
(D3333 ¼ D1111 þ D1122 � D2233 ;D2222 ¼ D1111;D1133 ¼ D2233;D3131 ¼ D2323, other compo-
nents are zero).

D1111 D2233 D1122 D1212 D2323

1000 100 75 10 100
_e
�g ¼ A

�
C
g : _E

�
� _E
�

p
� �

þ A
�

C
g : A

�
B
g : _E
�

p þ A
�

C
g : S
�

: C
�

eff�1
: C
�g : _e

�
p
g � A

�
B
g : _E
�

p
� �

ð29Þ

The following transition rule is obtained:

_r
�g ¼ C

�g : A
�

C
g : C

�
�1 : _R

�
þC
�g : A

�
C
g : S

�
� I
�

� �
: _e
�

p
g � A

�
B
g : _E
�

p
� �

ð30Þ

The effective viscoplastic strain rate is then deduced, applying self-
consistency to Eq. (29):

_E
�

p ¼ I
�
� A

�
C
g : I

�
� S
�

� �
: A
�

B
g

D Eh i�1
: A
�

C
g : S
�

: C
�

eff�1
: C
�g : _e

�
p
g

D E
ð31Þ

During the computation stage, it is assumed that perturbations re-
main constant during a time increment. To avoid the implicit form
of Eq. (28), perturbations are computed from the former increment
(assuming that dc

�gðn ¼ 0Þ ¼ db
�gðn ¼ 0Þ ¼ 0

�
). Thus:

dc
�gðnÞ ¼ C

�g � C
�g : I

�
þ S
�
ðn� 1Þ : C

�
eff�1
ðn� 1Þ : dc

�gðn� 1Þ
h i�1

� �
ð32Þ

db
�gðnÞ ¼ B

�g � B
�g : I

�
þ T
�
ðn� 1Þ : B

�
eff�1
ðn� 1Þ : db

�gðn� 1Þ
h i�1

� �
ð33Þ
3. Single crystal behavior

The mechanical behavior is represented by a crystal plasticity
approach at the grain level. The model is first described, then the
identification of the material parameters is made. The reference
macroscopic mechanical behavior was taken from one-dimen-
sional tensile tests performed on Inconel 718 specimens with
equiaxed grains (Alexandre et al., 2004), The single crystal material
parameters that best fit the experimental stress–strain curve of
Inconel 718 are obtained following a two-step procedure:

� The cubic elasticity parameters C
�

0
� �

are determined from the

data of Hanriot et al. (1991) on AM1;
� The material parameters describing the viscoplastic behavior

are then identified. For that purpose, a periodic FE aggregate
is used to simulate a tensile test. The obtained stress–strain
curve defining the average behavior of the polycrystal is scruti-
nized against the macroscopic experimental curve. Further-
more, it is demonstrated that the obtained material parameter
set is successful for the full-field and the mean field approaches
as well.

3.1. Elasticity

The degree of anisotropy of a cubic elasticity tensor C
�

can be
described by a specific ratio, due to Zener:

Z ¼ 2C2323

C1111 � C1122
ð34Þ
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It is assumed here that Inconel 718 has the same Zener ratio, Eq.
(34), as AM1 (Z = 2.7). Starting from the values of AM1 (Hanriot
et al., 1991), the decomposition of the elasticity tensor provides
the values of k0;l0 and l00

k0 ¼ C1111 þ 2C1122

3
; l0 ¼ C1111 � C1122

2
l00 ¼ C2323

so that the shear modulus of a polycrystal of AM1 would be the
solution of Eq. (35), as recalled in Appendix C.

f ðlÞ ¼ 8l3 þ 9k0 þ 4l0
� 	

l2 � 3k0 þ 12l0
� 	

l00l� 6k0l0l00 ¼ 0

ð35Þ

The value of the Young’s modulus and Poisson’s ratio are easily ob-
tained, since the bulk modulus k and k0 are the same:

E ¼ 9kl
3kþ l

and m ¼ 3k� 2l
2ð3kþ lÞ ð36Þ

The calibration of the cubic elasticity parameters follows then by
scaling the AM1 parameters by means of the ratio (d) between
the experimental Inconel 718 Young’s modulus and the result of
the previous computation on AM1 data. The results are given in
Table 2.

Due to cubic symmetry, the apparent Young’s modulus changes
according to the tensile direction. The analytical function defining
its variation is given in Appendix C. The Young’s modulus reaches
its maximum value for a stress along the h111i directions, a local
extremum for the h110i directions, and the minimum value for
the h100i directions.

The grains contained in a DS RVE are defined by changing only
the angle h of Fig. C.1. As a consequence,

� for a DS RVE loaded along the x3 direction, the Young’s modulus
of all the grains will be Eh100i,
� for a DS RVE loaded in the transverse direction, the Young’s

modulus will range from Eh100i to Eh110i (Fig. 4).

These local considerations can be helpful to select the representa-
tive orientations for the polycrystal: The resulting elastic tensor for
DS material C

�
eff , computed by restricting Eq. (7) to elasticity, can be

obtained from a 3 grain aggregate, (with h = 0�,60�,120�), or a 6 DS
grain aggregate using the single crystal elasticity (see selected
angles in Fig. 4). On the contrary, at least 300 grains are needed
to get the correct HEM elasticity for a random polycrystal.

3.2. Viscoplasticity

3.2.1. Constitutive equations
Plastic flow is described by means of a crystal plasticity ap-

proach in small perturbations. According to the fcc structure of
Nickel-base alloys, 12 slip systems of the octahedral family
(f111g planes and h110i directions) are introduced. The resolved
shear stress ss, defining the stress state on a given slip system
(s), is linked to the applied stress r

�g of grain g through the Schmid
tensor, m

�
s, which is built from the slip plane normal (ns) and the

slip direction (ls):
Table 2
Elasticity constants of the cubic single crystal in GPa, Young’s modulus (GPa) and
Poisson’s ratio of the homogenized polycrystal, in the case of AM1 and Inconel 718
(d ¼ 0:877).

Alloy Single crystal Polycrystal

C1111 C1122 C2323 E m

AM1 (Hanriot et al., 1991) 296 204 125 227 0.338
Inconel 718 259.6 179 109.6 199 0.338
ss ¼ r
�g : m

�
s with m

�
s ¼ 1

2
ls � ns þ ns � lsð Þ ð37Þ

Each slip system has its own criterion:

f sðss; xs; rsÞ ¼ jss � xsj � rs ð38Þ

where xs and rs are respectively the kinematic and isotropic harden-
ing variables, with the following non-linear evolution rules:

xs ¼ cas with _as ¼ gs � dasð Þ _ts ð39Þ
rs ¼ ss

c þ Q
X

r

hsrbqr with _qr ¼ 1� bqrð Þ _tr ð40Þ

where _ts is the cumulated shear strain rate, ss
c is the critical

resolved shear stress (CRSS) beyond which the slip system is
activated. The hsr terms belong to the matrix which defines the
interaction between the different slip systems and gs is the sign
of ðss � xsÞ.

The cumulated shear strain rate is defined through a power law:

_ts ¼ f s

K

� �n

ð41Þ

The viscoplastic strain rate in each grain results from the contribu-
tion of all the active slip systems:

_e
�

p
g ¼

X
s

_tsgsm
�

s ð42Þ

Note that, for the ‘‘Translated Field’’ model, the expression of the
instantaneous local secant viscoplastic moduli, B

�g , is required, Eq.
(43). Due to incompressibility, the fourth order tensor that comes
from the theory cannot be inverted. Following (Paquin et al.,
2001), a negligible compressible contribution (K

�
c) will then be

added to compute the inverse according to:

B
�g ¼

X
s

n
K
jss � xsj � rs

K

� �n�1

m
�

s �m
�

s þK
�

c

" #�1

ð43Þ
3.2.2. Parameter identification
Onedimensional tensile tests are simulated on a 100 Voronoï

grain aggregates with periodic boundaries (Fig. 5), and random
crystal orientations. The mechanical behavior of each grain is pre-
dicted by the cubic elasticity constants given in Table 2 and the
constitutive equations defined in Section 3.2.1. Since the hardening
modulus is very low (Fig. 6) the material parameters Q and c are
equal to 0.

The identification process concerns then only the two parame-
ters defining the (low) viscous effect (n and K) and the CRSS, sc.
They are obtained by comparison between the overall response
of the aggregate and the reference r–e curve from (Alexandre
Fig. 4. Young’s modulus evolution of a DS single crystal of Inconel 718, with respect
to the orientation u of the applied uniaxial stress. Crosses indicate the specific
angles chosen for the computation of the HEM elasticity tensor.



Fig. 6. Stress–strain curves obtained for a onedimensional tensile loading on a FE
periodic aggregate composed of 100 grains. The reference experimental tensile test
was performed on Inconel 718 by Alexandre et al. (2004).

Table 3
Viscoplastic set of parameters for Inconel 718.

K ðMPa1=nÞ n sc (MPa)

13 20 465

Fig. 7. Stress–strain curves obtained for a onedimensional tensile loading on a
mean-field model composed of 400 grains. The reference experimental tensile test
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et al., 2004) experimental work. The fitted values are given in
Table 3.

The consistency of these parameters is demonstrated through a
series of numerical simulations, performed on:

� A full-field model of 100 grains (Fig. 6), where the effect of elas-
tic anisotropy is highlighted.
� Two mean-field models with 400 grains (Fig. 7), with either iso-

tropic (Berveiller–Zaoui) or cubic (‘‘Translated Field’’) elasticity,
which have been implemented in ZSet/Zébulon FE code (Trans-
valor and ENSMP, 2010).

3.3. Application to various microstructure

Fig. 8 shows the behavior of a single crystal and of a DS material
element. The tensile load direction is perpendicular to the x3 axis.
As expected, the smallest apparent Young’s modulus is obtained
for h100i direction (h = 0�) and the largest for h110i (h = 45�). Both
curves end at the same stress value, since the corresponding
Schmid factors are the same. A rotation of 60� provides an interme-
diate Young’s modulus and a weak viscoplastic response. The DS
response is built by means of a mixture of these various grains,
and presents intermediate values for both Young’s modulus and
ultimate stress. Fig. 9 proposes a comparison between the DS
RVE loading in three different directions (axial, transverse and
30� with respect to the x3 axis) and two isotropic aggregates. For-
tunately, it can be checked that the response of the aggregate does
not depend on the tensile direction, that demonstrates its repre-
sentative character. Due to the presence of h111i orientations,
these aggregates have a larger apparent Young’s modulus if com-
pared with axial and transverse responses of the DS material.
Again, the axial direction has the smallest Young’s modulus, but
its ultimate stress is larger than the transverse, since the latter of-
fers larger Schmid factor. In fact, a DS RVE loaded in x3 axis does
not develop any internal stress, since, due to the specific form of
Eshelby’s tensor, the axial strain is uniform in the aggregate
(eg33 ¼ E33): it behaves like a single crystal. Finally, it can be
pointed out that the strongest response is obtained for a DS
material loaded with a tensile axis at 30� with respect to x3.
was performed on Inconel 718 by Alexandre et al. (2004).
4. FE analysis of notched component

In this section, FE computations are performed, using the full-
field and the mean-field models described and identified in the
previous sections, to evaluate their ability to predict the mechani-
Fig. 5. Periodic FE 100 Voronoï grain aggregate.
cal behavior and the resulting stress distribution of a notched com-
ponent subjected to an uniaxial loading path. A 3D mesh (Fig. 10)
with 13696 quadratic elements and 243960 nodes is used for the
FE analysis of the structure. The pressure imposed on the top sur-
face along the x2 direction increases linearly during the time step
and reaches 75MPa after 12s.
Fig. 8. Stress–strain curves simulated with the translated field model for a
transversely tensile loading considering a 400 DS grain aggregate and various
single crystal orientations.



Fig. 9. Stress–strain curves simulated with the translated field model for equiaxed
and DS aggregates (400 grains) under various tensile directions.

Fig. 11. Stress along x2 obtained for a 75 MPa loading with uniform elasticity
Kröner mean field model.
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This component is made of small Inconel 718 equiaxed grains,
whereas the grains across the section in the notch for which the
behavior can be explicitly represented by DS grains, Fig. 10(b),
or by a mean-field model, Fig. 10(c). However, it seems unneces-
sary to represent the behavior of the jaw at a microscopic level. As
a matter of fact, the stress will be mainly localized in the notch
part. The macroscopic model given by Alexandre et al. (2004) will
therefore be used to describe this equiaxed microstructure.
Finally, three distinct representations of the structure will be
investigated:

� As a reference, a simulation will be performed using the macro-
scopic behavior for the entire component, Fig. 10(a);
� The DS microstructure in the notch can be explicitly repre-

sented by defining 56 bulk DS grains. For each grain, constitu-
tive equations are defined through the parameters set fitted in
the previous section (Table 3). A random crystal orientation is
attributed. Isotropic and anisotropic elasticity of the single
crystal will be investigated. Moreover, to obtain a large number
of possible configurations, 20 simulations corresponding to
different sets of grain orientations are performed;
� A single simulation is performed using translated field

(Section 2.3) and uniform elasticity Kröner’s rule (Section 2.2.2)
models, respectively. For that purpose, the 6 grain aggregate
defined earlier (selected rotations shown in Fig. 4) is attributed
to each Gauss point of the notched part.
(a)
(b)

Fig. 10. The three different approaches for the representation of the FE notched compo
selected set.
In Fig. 11, obtained with the uniform elasticity Kröner model for a
75 MPa loading, one can notice that the notch is in tension, while
the opposite part is in compression. This is caused by the notch
opening, for which the upper jaw is moving with the applied
pressure, and the lower jaw remains fixed. A first comparison
between models can be made from the evolution of this notch
opening (Fig. 12).
(c)

nent. (a) Macroscopic, (b) full-field with 20 random sets, (c) mean field with one
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Fig. 12 shows that a softer strain response is obtained when
anisotropic elasticity is considered, which leads to a larger revers-
ible notch opening. This is linked to the fact that the applied load is
transverse to the solidification direction of the grains, so that the
directions that have high elastic moduli (like Eh111i in Eq. (C.4))
are not present in the DS microstructure. This effect is captured
by the two approaches that introduce anisotropy (full field FE cal-
culation and translated field model). On the contrary, the isotropic
elasticity results from the equiaxed structure, with all the possible
directions, and predicts a higher elastic modulus.

The stiffest mechanical response in the plastic regime is given
by the macroscopic model. This approach is then far too optimistic
as long as the displacements of the structure are concerned. This
result is even true for the full field FE model, where uniform elas-
ticity prevents the material to develop plasticity. Full field aniso-
tropic behavior is much softer. The elastic slope obtained with
the translated field model is in agreement with full field anisot-
ropy: it demonstrates that the number of orientations is sufficient
for the elastic regime. The opening is then a little larger for the
plastic regime, but the difference remains reasonable. Interest-
ingly, Kröner’s model, that is harder than translated field approach
in the elastic regime, exhibits the largest plastic flow. This can be
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Fig. 13. Stress–strain curves in the x2 direction for each DS grain in the full-field isot
elasticity Kröner (bottom left) and ‘‘translated field’’ (bottom right) models.
explained by the high level of internal stresses that is locally
accumulated.

Having in hand the macroscopic response is not enough to pre-
pare a good estimation of the lifetime. The next three figures are
then devoted to an analysis of the local responses. Fig. 13 shows
the axial stress–strain curves on the grain level, and the other
two figures (Figs. 14 and 15) illustrate the stress distribution.

Fig. 13 illustrates the effect of heterogeneous elasticity, by plot-
ting the stress–strain curves along x2 axis for each node which be-
longs to the inner surface of the notch, at the center of each grain.
For the two cases which introduce uniform isotropic elasticity,
namely the isotropic full field calculation (top left) and Kröner’s
model (bottom left), there is obviously no scatter during the elastic
regime. In fact, significant internal stresses are present in the more
realistic computations, anisotropic full field (top right) and trans-
lated fields (bottom right). As a consequence, the scatter during
the elastoplastic regime is also underestimated by the models with
isotropic uniform elasticity. The effect can be quantified by consid-
ering the stress distribution for 1% strain in each calculation, as
mentioned in the four graphs. For the case of Kröner’s model (bot-
tom left), the range between the minimum and the maximum
stress is less than 100MPa. Local strain incompatibilities due to
plastic flow increase the internal stresses, so that the preceding
range reaches 250 MPa for the full field isotropic calculation. The
translated field model (bottom right) has a smaller scatter range.
That might be due to the relatively low number of grains, and also
to the averaging character of the model. Nevertheless, this model
has a good representation of the heterogeneity in the elastic re-
gime, and it remains in reasonable agreement with the full field
anisotropic calculation for the plastic regime. As a general remark,
it must be noted that some elastically soft grains may present very
large strains, meanwhile strong grains do not even reach 1% strain.

The stress level for a 1% strain is used to present an histogram of
the stress distribution (Fig. 14). For the full field approach, the
curve results from an average of the 20 simulations, as illustrated
by Fig. 15. For all the distributions, the macroscopic reference
reached in the notch (1200–1250MPa) represents an upper bound.
The class of stress larger than 1150MPa is very small for all the
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Fig. 14. Stress distributions for the full-field computations (average on the 20 sets of random grains) in the isotropic (top left) and the anisotropic cases (top right).
Comparison with uniform elasticity Kröner’s model computation (bottom left) and ‘‘translated field’’ (bottom right). The reference for all the histograms is the macroscopic
stress.
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Fig. 15. Average of the 20 simulated stress distributions obtained with various sets of crystal orientations, in the isotropic (left) and anisotropic (right) cases.
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curves. The comparison between the two full field computations
(isotropic and anisotropic local elasticity) confirms that the stress
distributions are almost similar (Fig. 14). This means that the mod-
el built with the ‘‘isotropic’’ assumption is able to correctly de-
scribe stress distributions in the elastoplastic regime, even if it is
very far from the anisotropic case in elasticity. The stress distribu-
tions attached to the two mean field models are too narrow.
Kröner’s model is specially too optimistic, since it underestimates
the maximum local stress in the critical grains, and must be
avoided. The translated field model remains a good candidate for
a fast estimation of the local scatter.

Fig. 15 gives a more detailed view on the local fields. It is worth
noting that, depending on the realization, the probability density
for a given class may present large variations. This point does not
alter the previous conclusions, since the stress range remains con-
stant for all the cases.
5. Conclusion

The main purpose of the model was to investigate several solu-
tions to deal with large grain microstructures in industrial parts,
with a special attention to columnar grains that are present in thin
walls. Strictly speaking, each new component corresponds to a new
set of crystallographic orientations, so that it should be considered
as an other structure. This is why, taking the example of a notched
specimen with large columnar grains at the notch root, we started
performing a set of full field computations, allowing us to build a
reference data base that characterizes the scatter resulting from
the various orientations. Twenty calculations were performed to
achieve this section of the study. It has then be demonstrated that
an alternative strategy can provide the same result by means of a
single calculation. This has been made by using a uniform field
model on each integration point in the structural computation.
Since it introduces local stress redistribution, this model can repro-
duce the occurrence of the various orientations, so that it delivers a
satisfactory estimation of the scatter obtained with the full field
model.

In order to be successful, this alternative computation route
must introduce a realistic uniform field model. A specific attention
was paid to the contribution of elastic heterogeneities. Two kinds
of mean-field models have been introduced. The first one, based
on translated field self-consistent scheme, aims at describing both
local elastic and plastic anisotropy. The second one, namely a
Kröner type transition rule with uniform elasticity, focuses only
on plastic heterogeneities. These models have been extended to
equiaxed and DS microstructures. Due to the intergranular
accommodation, the hardening is more pronounced for the model
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involving a local anisotropic elasticity, that cumulates elastic and
plastic anisotropy effects. Only this model was in good agreement
with FE computations.

The calibration procedure used experimental data taken from a
polycrystalline Inconel 718. A full field model of a representative
material element has been built to determine the material param-
eters of the grain. The model assumes that there is no preferential
crystallographic orientation, and that each grain in the aggregate
can be modeled by crystal plasticity constitutive equations. Uniax-
ial tensile test simulations were performed on the aggregate and
compared with the macroscopic stress–strain response. This
crystal plasticity model was then be introduced in the component
model. An other assumption is then that the material parameters
obtained with the small equiaxed grains of the RVE can be used
for the large grains in the component.

This new computational methodology has been compared with
a pure macroscopic calculation. It is shown that the computation
made with the macroscopic model overestimates the critical stress
at the notch root. The framework proposed here allows to take into
account any microstructure gradient in a component, since one can
imagine to continuously shift from a uniform field crystal plasticity
model in the critical areas to a simple von Mises model in the
places with a regular grain size. In the present state, the proposed
approach is very efficient in terms of computer CPU time, since it
introduces 6 grains only to generate the local scatter. The next step
of the study is to introduce an experimental verification of these
estimations. Specifically, local strain field measurements should
be made on large grain specimens and compared with the numer-
ical prediction. The assumption that the constitutive equations
obtained on the equiaxed grain can be used for the large grains
is also questionable, but, if needed, a size effect can also be
introduced in the model.
Appendix A. Elasticity and Eshelby’s tensors for particular
symmetries

In Section 2.2.1, it was mentioned that an isotropic tensor could
be decomposed by using the operators K

�
and J

�
. For a cubic symme-

try, such a decomposition can also be achieved by splitting J
�

into

two parts: J
�

= J
�

0+J
�

00. In these conditions, the cubic elasticity tensor

writes:

C
�
¼ 3k0 K

�
þ2l0 J

�

0 þ 2l00 J
�

00 ðA:1Þ

with

Kijkl ¼
1
3

dijdkl

J0ijkl ¼ dpidpjdpkdpl �
1
3

dijdkl

J00ijkl ¼
1
2

dikdjl þ dildjk
� 	

� dpidpjdpkdpl

where dij is the Kronecker delta.
The three constants k0;l0 and l00 are given by:

k0 ¼ C1111 þ 2C1122

3
; l0 ¼ C1111 � C1122

2
; l00 ¼ C2323

In the following, the effective isotropic elasticity, represented here
by k and l, is related to the local cubic elasticity, represented by
k0;l0 and l00. The homogenization equation applied to elasticity
Eq. (7) is rewritten as:

C
�g �K

�

� �
: I
�
� S
�

: I
�
�K
�
�1 : C

�g

� �h i�1
� �

¼ 0
�

ðA:2Þ
and then expressed according to K
�

, J
�

0 and J
�

00:

3ðk� k0Þ
1� að1� k0

kÞ
K
�

D E
þ 2ðl� l0Þ

1� bð1� l0
lÞ

J
�

0
� �

þ 2ðl� l00Þ
1� bð1� l00

l Þ
J
�

00
� �

¼ 0
�

ðA:3Þ

All the constants used in the previous equation are the same for all
the grains of the polycrystal. Thus, they are stepped out of the
homogenization operation. Moreover, it is well established that:

K
�

D E
¼ K
�
; J

�

0
� �

¼ 2
5

J
�
; J

�

00
� �

¼ 3
5

J
�

ðA:4Þ

Introducing two constants a and b, Eq. (A.3) leads to:

a K
�
þb J

�
¼ 0
�

ðA:5Þ

The two following conditions are mandatory:

� a ¼ 0, which implies that k ¼ k0;
� b ¼ 0, which leads to a third degree equation:
f ðlÞ ¼ 8l3 þ 9k0 þ 4l0
� 	

l2 � 3k0 þ 12l0
� 	

l00l� 6k0l0l00 ¼ 0

ðA:6Þ
Knowing the values of k0;l0 and l00, the value of the elastic param-
eters for the isotropic polycrystal can be easily deduced.
Appendix B. Eshelby’s problem of an inclusion embedded in an
infinite medium

The single crystal elasticity tensor has a cubic symmetry:

C
�

0 ¼

C0
1111 C0

1122 C0
1122 0 0 0

C0
1122 C0

1111 C0
1122 0 0 0

C0
1122 C0

1122 C0
1111 0 0 0

0 0 0 C0
2323 0 0

0 0 0 0 C0
2323 0

0 0 0 0 0 C0
2323

0
BBBBBBBBBB@

1
CCCCCCCCCCA

ðB:1Þ

while, the HEM elasticity tensor for a DS microstructure has a trans-
versely isotropic symmetry:

C
�
¼

C1111 C1122 C1133 0 0 0
C1122 C1111 C1133 0 0 0
C1133 C1133 C3333 0 0 0

0 0 0 C2323 0 0
0 0 0 0 C2323 0
0 0 0 0 0 C1111�C1122

2

0
BBBBBBBB@

1
CCCCCCCCA

ðB:2Þ

According to Suvorov and Dvorak (2002), the Eshelby’s non-zero
constants for an infinite cylindrical (a1 ¼ a2 � a3) inclusion are:

Transversely isotropic
HEM

S1111 ¼
5C1111 þ C1122

4C1111

S1122 ¼
3C1122 � C1111

4C1111

S1133 ¼
C1133

2C1111

S1212 ¼
3C1111 � C1122

4C1111

S2323 ¼
1
4

ðB:3Þ
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Full isotropic

HEM

S1111 ¼
5� 4m

8ð1� mÞ

S1122 ¼
4m� 1

8ð1� mÞ

S1133 ¼
m

2ð1� mÞ

S1212 ¼
3� 4m

8ð1� mÞ

S2323 ¼
1
4

ðB:4Þ

While the Eshelby’s tensor, according to Mura (1987), for spherical
inclusions in a isotropic HEM is:

S
�
¼

S1111 S1122 S1122 0 0 0
S1122 S1111 S1122 0 0 0
S1122 S1122 S1111 0 0 0

0 0 0 S2323 0 0
0 0 0 0 S2323 0
0 0 0 0 0 S2323

0
BBBBBBBB@

1
CCCCCCCCA

S1111 ¼
7� 5m

15ð1� mÞ

S1122 ¼
5m� 1

15ð1� mÞ ðB:5Þ

S2233 ¼
4� 5m

15ð1� mÞ
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Fig. C.1. Angles defining a tensile direction n in the laboratory frame
Appendix C. Homogenisation of a random cubic polycrystal in
elasticity

The apparent Young’s modulus of a cubic single crystal can be
defined analytically. Considering a random unilateral stress, its
orientation is defined thanks to two angles (u; h):

The stress and strain along the normal n are:

r ¼ r
�

: ðn� nÞ

e ¼ e
�

: ðn� nÞ

with : r
�
¼ C
�

: e
�

In the case of a one-dimensional tensile test along n, it can also be
written:

r
�
¼ rðn� nÞ

with : r ¼ Ee

It can be deduced from the previous relations that:

1
E
¼ N
�

: C
�
�1 : N

�
ðC:1Þ

with:

N
�
¼n�n ¼

sin2ðuÞcos2ðhÞ sin2ðuÞcosðhÞsinðhÞ sinðuÞcosðuÞcosðhÞ
sin2ðuÞsin2ðhÞ sinðuÞcosðuÞsinðhÞ

sym cos2ðuÞ

0
B@

1
CA

By decomposition of the cubic elasticity tensor Eq. (A.1), introduc-

ing K
�
; J
�

0 and J
�

00, the following equation is obtained:
1
E
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Expressing the terms of N

�
in trigonometric form, the previous

equation can be simplified. In particular, it can be noticed that:
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þ 2 N 2

23 þN
2
31 þN

2
12

� �h i
¼ 1

Thus

1
E
¼ 1

9k0
� 1

6l0

� �
þ 1

2l0
� 1

2l00

� �
f ðu; hÞ þ 1

2l00
ðC:2Þ

with f ðu; hÞ ¼ sin4ðuÞ þ cos4ðuÞ � 2sin4ðuÞsin2ðhÞcos2ðhÞ

It is worth noting that, in the isotropic case (l ¼ l0 ¼ l00), the sec-
ond term of the equation is zero. The Young’s modulus is therefore
independent of the stress direction Eq. (36). Using Eq. (C.2), the evo-
lution of the apparent Young’s modulus of a single crystal as func-
tion of the loading direction can be plotted as shown in Fig. C.2.
Three different extremums can be observed on that figure. They cor-
respond to the stress directions along h100i; h110i and h111i. To
evaluate their expressions, the function f ðu; hÞ is derived:

@f ðu;hÞ
@h ¼ 0) sin4ðuÞ sinðhÞ cosðhÞcosð2hÞ ¼ 0

@f ðu;hÞ
@u ¼ 0) cosðuÞ sinðuÞ cosð2uÞ þ 2 sin2ðuÞ sin2ðhÞ cos2ðhÞ

� �
¼ 0

8>><
>>:

ðC:3Þ

As expected, fu; hg obtained after solving the system (C.3) defines
the particular direction families mentioned above. Young’s modulus
extremums can then be expressed:

f ðu; hÞ ¼ 1
3 ) Eh111i ¼ 9k0l00

3k0þl00

f ðu; hÞ ¼ 1
2 ) Eh110i ¼ 36k0l0l00

4l0l00þ3k0l00þ9k0l0

f ðu; hÞ ¼ 1 ) Eh100i ¼ 9kl0
3k0þl0

8>>><
>>>:

with Eh111iiEh110iiEh100i:

ðC:4Þ
Appendix D. Evolution of Young’s modulus with the loading
direction in a cubic single crystal

Consider an infinite homogeneous medium (X) subjected to an
uniform strain, and perturbed by an inclusion (or a cavity). If a
stress free strain eL

kl is applied within the inclusion, the Hooke’s
law gives:

rij ¼ Cijkl ekl � eL
kl

� 	
¼ Cijkl ul;k � eL

kl

� 	
ðD:1Þ

where C
�

is the medium elasticity tensor. Equations of equilibrium
for a material domain free from any external force and any surface
constraint are:

rij;j ¼ Cijklekl;j � CijkleL
kl;j ¼ 0 ði ¼ 1;2;3Þ ðD:2Þ

The contribution of the eigenstrain e
�

L to the equations of equilib-
rium is similar to that of a body force. One can thus make the



Fig. D.1. (left), an ellipsoidal inclusion with principal half axes a1; a2 and a3. (right),
the unit sphere which is equivalent to the infinite uniform medium.
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comparison with the problem of finding the displacement at a point
x when a force F is applied on an other point x0. The medium being
homogeneous and infinite, the solution will simply depend on the
distance between these two points ðx� x0Þ:

uiðxÞ ¼ u0
i ðxÞ þ

Z
X

Gijðx� x0ÞFjðx0ÞdX0 ðD:3Þ

uiðxÞ ¼ u0
i ðxÞ �

Z
X

Gijðx� x0ÞCjpkleL
kl;p0dX0 ðD:4Þ

where G
�

is the Green tensor and u0
i ðxÞ is the displacement from the

reference medium to boundaries conditions. In our case, the med-
ium is characterized by an uniform elasticity tensor C

�
, thus u0

i ðxÞ
is zero. Eq. (D.4) can be further developed, which leads to:

uiðxÞ ¼ �
Z

X
CjpklGijðx� x0ÞeL

klnp0dX0 þ
Z

X
CjpklGij;p0 ðx� x0ÞeL

kldX0

ðD:5Þ

where np is the exterior unit normal vector on the boundary of the
domain X. First term of Eq. (D.5) has to be zero because surfaces are
traction free. For a uniform eigenstrain and in the case where the
point x is inside the ellipsoid (Fig. D.1), the previous Eq. (D.3) can
be developed according to Mura (1987):

uiðxÞ ¼
1

4p
CjlmneL

nmxk

Z 1

�1

Z 2p

0

nknlNijðnÞ
DðnÞ dhdf3 ðD:6Þ

where n is the wave vector introduced by the Fourier transform (see
Mura, 1987). The volume integration of the infinite medium has
been reduced to the contour integral of a unit sphere, which is de-
fined by the unit vector f. As shown in Fig. D.1, any point within the
unit sphere can be described by the pair (f3, h). The relations be-
tween the n-space and the f-space are:

n1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

3

q
a1

cos h; n2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

3

q
a2

sin h; n3 ¼
f3

a3
ðD:7Þ

In Eq. (D.6), the constants Nij and D are respectively the cofactors
and the determinant of the second-rank tensor K

�
:

KikðnÞ ¼ Cijklnjnl ðD:8Þ
DðnÞ ¼ �mnlKm1Kn2Kl3 ðD:9Þ

NijðnÞ ¼
�ikl�jmn

2
KkmKln ðD:10Þ

where �ijk is the Levi–Civita symbol.
Eshelby (1957) has proposed to relate the total strain to the

stress free strain with the so called Eshelby tensor:

e
�
¼ S
�

: e
�

L ðD:11Þ
Fig. C.2. Young’s modulus evolution of a cubic single crystal as a function of the two
angles defining the loading direction, for the elasticity constants of Inconel 718
defined in Table 2.
From the expression of the displacement in function of the eigen-
strain (D.6), one can deduce the expression of the Eshelby tensor:

Sijmn ¼
1

8pCpqmn

Z 1

�1

Z 2p

0

njnqNipðnÞ þ ninqNjpðnÞ
DðnÞ

� �
dhdf3 ðD:12Þ

This expression has been numerically integrated with the method
of Gauss–Legendre quadrature (order n = 100):

Sijmn ¼
XNk

k

XNl

l

wkwlf pk; ð1þ plÞpð Þ ð0 < w < 1;�1 < p < 1Þ

ðD:13Þ

For the infinite cylinder inclusion, which corresponds to the DS
microstructure, a3 is taken to 106, which is huge in front of
a1 ¼ a2 ¼ 1.
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