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Abstract
An efficient method to compute the permeability of disordered fibrous arrays is proposed. A stabilized mixed finite element method is used with an immersed domain approach to represent the porous material at its microscopic scale. Therefore, the Stokes equations are solved in the whole domain (including solid part) using a penalization method.
The accuracy is controlled by refining the mesh around the fluid-solid interface defined
by a level-set function. Using homogenization techniques, the permeability of an RVE
is obtained. Furthermore, a new method to generate disordered fibers in function of the
porosity, φ, and other microstructural parameters is proposed and a study of the effect of
inter-fiber spacing on K, the permeability tensor, is performed. This task was achieved
using parallel computation and over 460 simulations were carried out in two-dimensional
RVEs consisting of over 555 fibers.
Mathematics subject classification: 65N30, 76S05
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1. Introduction
Liquid Composite Moulding (LCM) processes are injection processes used for manufacturing
large and complex composite materials with fiber reinforcements. Numerical simulation at the
macroscopic scale is based on the resolution of Darcy’s law [1, 2] to predict flow front progression,
filling time and injection pressure and to improve the design of tools and molds.
In the case of ordered fiber arrays, several analytical relations have been established to
predict the permeability of fibrous media [3-8]. All of these studies consider simple geometries,
such as square or triangular packing of unidirectional arrays of cylinders. And the analytical
relations are only a function of φ. By considering some hypothesis, different authors provide

analytical solutions of the Stokes equations to obtain the permeability. These different laws
give a valid solution for different fiber volume fractions. In what concerns numerical analysis,
several studies had been done at the microscopic and mesoscopic scales through the finite
element or finite volume methods [4,6,9,10]. In these studies, fibers or yarns were considered as
impermeable solids. Then, only the fluid domain was meshed and no-slip boundary conditions
were imposed on solid boundaries. Velocity and pressure fields were computed on the fluid
domain and permeability of the volume was then obtained by a homogenization method.
In the case of disordered fiber arrays, which represent real fiber performs, the use of porosity
alone cannot define their permeability. Other microstructural parameters should be taken
into account. Chen and Papathanasiou [11,12] studied the effect of the mean nearest interfiber spacing, denoted δ 1 , or the degree of disorder, on both the transverse and longitudinal
permeabilities. They found that the latter decreases on all porosity levels and the former
increases on porosity levels ranging from 0.45 to 0.7 and decreases above these levels when
δ 1 increases. In these studies a Monte-Carlo procedure [13] was used to generate the fiber
distributions which are governed by the choice of the porosity and the minimum allowable
inter-fiber distance δmin .
In this paper, we propose an effective method to generate fiber distributions with specific
porosities. It is based on advancing front methods [14,15] and dropping and rolling techniques
[16]. Also, the inter-fiber distances are chosen either by imposing a δmin or generated by a Gaussian distribution law. The influence of the standard deviation of this law, which is proportional
to the fiber array’s degree of disorder and inversely proportional to Chen and Papathanasiou’s
δ 1 , on the permeability is studied. Moreover, a new method to compute permeability of a fiber
array is proposed where a monolithic approach to solve fluid flow equations is used, followed by
a homogenization method to compute permeability on the whole domain. Using a monolithic
approach, a unique equation is solved on a mesh containing both fluid and solid domains, and,
in our case, using a mixed finite element approximation. The interface is implicitly represented
by the zero iso-surface of a level-set function and a penalization method is used to take into
account the motion of the solid part [17].
All numerical calculations mentioned in this paper were performed with the CimLib finite
element C++ library [18].

2. Model Equations
2.1. Governing equations
The injected fluid is considered incompressible Newtonian. Due to the fluid’s low injection
pressure and its high viscosity, inertia and gravity terms can be neglected. Consequently, Stokes
equations, describing fluid flow, are written as:
(

ηf ∆v − ∇p =
∇·v

=

0
0

(2.1)

with v the fluid velocity, p the pressure and ηf the dynamic viscosity.
Darcy’s law is traditionally used to model flow motion in porous media at the macroscopic
scale. These macroscopic equations are obtained from a volume average of the Navier-Stokes
ones [19,20,21], describing the flow motion at the microscopic scale.

We will use the definitions of the averages given in [21], where the spatial average of a
quantity B is defined in the whole volume:
Z
1
hBi =
B dΩ .
(2.2)
V Ω
The intrinsic phase average of a quantity Bf is defined in the fluid phase:
Z
1
f
hBf i =
Bf dΩ ,
Vf Ωf

(2.3)

with Ωf the fluid domain.
The porosity φ and the fiber volume fraction φs are defined by the ratio between the volume
occupied by the fluid Vf and total volume V :
φ=

Vf
and φs = 1 − φ .
V

(2.4)

We suppose that the solid skeleton is static and non-deformable, and that the porous media
is saturated. Neglecting effects of viscosity on the flow with respect to the resistance of the
skeleton, Darcy’s equation is obtained:
hvi = −

1
f
K · h∇pi .
ηf

(2.5)

The permeability K is a tensor for anisotropic porous media, like fibrous media for example.
In the case of unidirectional fiber packings, if the z axis of the coordinate system is taken in the
same direction as the axis of the fibers, the permeability tensor can be then written as follows:


K⊥ 0
K=
,
(2.6)
0
Kk
with K⊥ a transverse permeability tensor and Kk the permeability along the fiber axis. For
regular packings (rectangular, triangular or hexagonal) the matrix K⊥ is proportional to the
unit matrix and then only a scalar K⊥ has to be computed. However for disordered arrays, we
need to look for a more suitable form:




Kxx Kxy
Kxx
0
K⊥ =
or K⊥ =
.
(2.7)
Kxy Kyy
0
Kyy

3. Immersed Domain Method for the Computation of Flow Motion
First, the Stokes equations (2.1) are solved on the RVE by an immersed domain method
[22]. The approach proposed here can rather be seen as an extension of the Stokes problem
with two fluids, for which the solid behavior of one phase is imposed by using the viscosity
as a penalty factor. All the phases of the multi domain problem are implicitly represented by
a level-set function α and the interface between the two phases is defined by its iso-zero [17].
To obtain an accurate description of the interface and small errors concerning the computed
flow, efficient anisotropic adaptive meshing tools are used [23]. The viscosity η(α) is defined
on the whole computational domain using a mixture law [24] (see Figure 3.1). The rigidity of
the solid part is taken into account with a high value of the viscosity (namely ηs = 103 ηf [25]),
this viscosity ηs acts as a penalty coefficient. Using this approach, a zero velocity boundary
condition imposed on the solid’s interface is propagated into the entire solid domain.

(a)

(b)

Fig. 3.1. (a) η(α) defined on the whole computational domain using a mixture law and (b) a the
anisotropic remeshing at the solid-fluid interface

3.1. The FE formulation
First, the function spaces used in this paper are defined. The scalar function space for
the pressure P = L2 (Ω), the function space for the velocity V = (H1 (Ω))d and the weighting
function space V 0 = (H01 (Ω))d , where d is the space dimension. L2 (Ω) is the Lebesgue space
of square assumable functions on Ω and H1 (Ω) is the Sobolev space included in L2 (Ω), are
respectively defined by:
Z
2
L (Ω) = {q/
q 2 dΩ < ∞}
Ω

H1 (Ω) = {q ∈ L2 (Ω)/∇q ∈ L2 (Ω)}

H01 (Ω)

(3.1)

1

= {q ∈ H (Ω)/q = 0 on ∂Ω)}

The FE formulation begins by writing the weak form of the Stokes equations (2.1). The
problem consists in finding (v, p) ∈ (H1 (Ω))d × L2 (Ω) such that:
R
( R
2 Ω η(α)ε(v) : ε(w)dΩ − Ω p∇.wdΩ = 0
(3.2)
R
q∇.vdΩ = 0
Ω
where the trial function q for the pressure is defined in L2 (Ω) and the trial function w for the
velocity is defined in (H01 (Ω))d .
The domain Ω is decomposed into Nel triangles T such that they cover the domain and there
are either disjoint or share a complete edge. The triangulation will be denoted Th . Using this
partition, the above-defined functional spaces are approached by a finite dimensional spaces
spanned by continuous piecewise polynomials such that:
Qh = {qh ∈ C 0 (Ω)/qh|T ∈ P 1 (T ), ∀T ∈ Th }

Vh = {vh ∈ (C 0 (Ω))d /vh|T ∈ (P 1 (T ))d , ∀T ∈ Th }

(3.3)

Vh,0 = {vh ∈ Vh /vh|Γ = 0}

1

where P (T ) is the vector space of first degree polynomials defined on the simplex T .
The Galerkin discrete problem consists now in solving the mixed problem by finding the
pair (vh , ph ) ∈ Vh × Qh such that ∀(wh , qh ) ∈ Vh,0 × Qh :
R
( R
2 Ω η(α)ε(vh ) : ε(wh )dΩ − Ω ph ∇.wh dΩ = 0
(3.4)
R
Ω qh ∇.vh dΩ = 0

It is well known that the P1 − P1 approximation for the discrete Stokes problem (3.4) gives
an unstable formulation, since the Brezzi-Babuska condition is not respected [26]. For this
reason, we use the MINI-element (see Figure 3.2), in which the functional space Vh for the
velocity is enriched with the space of the bubble function V ′ :
V ′ = {v ′ , v ′ |Ti ∈ P 1 (Ti ) ∩ H01 (Ti ), ∀T ∈ Th , i = 1, ..., D},

(3.5)

where D is the topological dimension and Ti is a decomposition of T in D sub-triangles, that
have as a common vertex the barycenter, GT , of T . In other words, the choice of this bubble
function is continuous inside the element, considered as linear on each sub-triangle and vanishes
at the boundary of T .
The velocity field is now an element of the function space generated by the following direct
sum:
Vh = Vh ⊕ V ′ .
(3.6)
Hence, on each element T , the solution takes the form:
vh |T =

D
X

vTi Ni + vT′ bT ,

(3.7)

i

where Ni is the interpolation function associated with node i. The bubble function bT is
defined on each element T as follows: bT = 0 on ∂T ; bT (GT ) = 1, Furthermore, bT satisfies the
orthogonality condition:
Z
∂xk Ni ∂xl bT dΩ = 0 ∀k, l; ∀Ni ∈ P 1 (T ) .
(3.8)
T

Fig. 3.2. The MINI-element P1+ − P1

Using the orthogonality properties of the bubble space, the discrete Stokes equation (3.4) is
then written:
find (vh , v ′ , ph ) ∈ Vh × Qh such that
R
 R
2 Ω η(α)ε(vh ) : ε(wh )dΩ − Ω ph ∇.wh dΩ = 0


 R
R
2 Ω η(α)ε(v ′ ) : ε(w′ )dΩ − Ω ph ∇.w′ dΩ = 0


 R
′
Ω qh ∇.(vh + v )dΩ = 0

(3.9)

This system can be put naturally under the following matrix form:
Avv
 0
Avp




 
Atvp
0
vh
t 
′


Abp
v
=
0 ,
0
ph
0

0
Abb
Abp

(3.10)

where:
Avv = 2

R

Abb = 2

Ω

η(α)ε(vh ) : ε(wh )dΩ ,

R

Ω

Avp =

η(α)ε(v ′ ) : ε(w′ )dΩ ,
(3.11)
R

Abp =

Ω

R

ph ∇.wh dΩ ,

Ω

ph ∇.v ′ dΩ .

Finally, the static condensation process [27] consisting in solving the second line for the bubble
function v ′ which by inserting into the third line of (3.10) results the final matrix system to
solve which is the condensed matrix scheme for large-scale unknowns vh and ph reading:


Avv
Avp

Atvp
C



vh
ph



=



0
0



,

(3.12)

t
with C = −Abp A−1
bb Abp .

4. The Representative Volume Element (RVE)
In order to get suitable averaged quantities describing the macroscopic behavior of the
material, it is necessary to perform computations on an RVE. The RVE is a two dimensional
rectangle of width, L and height H on which three different boundary conditions are applied:
1. the pressure gradient is in the horizontal direction x, vy is null on the external boundary
and
∂y vx (x, 0) = ∂y vx (x, H) = 0 ; vz (x, y) = 0, ∂z p(x, y) = 0 ; p(0, y) = P, p(L, y) = 0.
(4.1)
2. the pressure gradient is in the vertical direction y, vx is null on the external boundary
and
∂y vy (0, y) = ∂y vy (L, y) = 0 ; vz (x, y) = 0, ∂z p(x, y) = 0 ; p(x, 0) = P, p(x, H) = 0.
(4.2)
3. the pressure gradient is in the longitudinal direction z, vx and vy are null,
∂x vz (0, y) = ∂x vz (L, y) = 0 ; ∂y vz (x, 0) = ∂y vz (x, H) = 0 ; ∂z p(x, y) = P/L .

(4.3)

4.1. Disordered packing
In order to generate disordered fiber packing with pre-chosen porosity, radius and inter-fiber
spacing, a sphere packing method called the “Inwards Packing Method (IPM)” [14,15], coupled
with a “dropping and rolling” algorithm [16, 28] and a disc shrinking technique, were chosen
to generate the initial medium. At first, tangent discs are generated with radii bigger than the
wanted radius and equal to R + δi /2 where R is the wanted radius and δi is the ith inter-fiber
spacing. And then, the radii are decreased by removing the δi /2 leaving for two fibers fi and fj ,
which were in contact after the IPM and “dropping and rolling” algorithms, with an inter-fiber
δ +δ
spacing of i 2 j . Furthermore, the choice of δi has a great influence on the porosity and on
the degree of disorder of the fiber arrays. Hence, we propose the use of a Gaussian distribution
law for the choice of the inter-fiber spacings. The reason for choosing a Gaussian distribution
law comes from the fact that, contrary to other classical probability distributions, the sum of
P
P 2
independent Gaussian distributions N (µi , σi2 ) is the Gaussian distribution N
i µi ,
i σi . So
when the inter-fiber distance is wanted according to N (δ, σ 2 ), it is actually generated following
N (δ/2, σ 2 /2) and added to the wanted radius then when subtracted, the inter-fiber distance
between two fibers will follow N (δ, σ 2 ). Furthermore, a simple, yet efficient, choice of δmean ,
which is the mean of the Gaussian distribution law, leads to obtaining the wanted porosity.
This choice is influenced by the fact that the optimal density, ρopt , of equally spaced discs (i.e.
the hexagonally packed) is given by (see Figure 4.1):
ρopt = √

2πR2
.
3(2R + δ)2

(4.4)

But since the IPM does not reach the optimal density, this equation is multiplied by ρ(R) which
is the disc density obtained by the IPM using the radius R.

Fig. 4.1. Three equally spaced discs of radius R and their equilateral disposition

Finally, the wanted porosity, equal to 1 − ρopt .ρ(R), yields that:
s
!
2πρ(R)
√ −2 .
δmean = R
(1 − φ) 3

(4.5)

The standard deviation of the Gaussian distribution is written σ = δmean3−δmin , where δmin
is the minimal allowable inter-fiber spacing. Typical fiber distributions are shown in Figure 4.2
for different values of φ and σ.
It is noticed that σ has a greater effect on the fiber distribution when the porosity is large
and that it is proportional to the fiber array’s degree of disorder. Moreover, by varying σ a

(a)

(b)

(c)

(d)

Fig. 4.2. Fiber distributions generated by our method in a 10 × 10 square: (a) 6130 fibers with φ = 0.51
and σ = 0.06R,(b) 6111 fibers with φ = 0.51 and σ = 0.12R, (c) 3678 fibers with φ = 0.7 and σ = 0.03R
and (d) 3634 fibers with φ = 0.7 and σ = 0.4R

spectrum of fiber distributions can be generated at the same φ which means that this standard
deviation is linked to the microstructure heterogeneity and gives a good insight into the fiber
microstructure.
4.1.1. Algorithm of fiber packing generation
1. The wanted fiber radius R and inter-fiber spacing are chosen. And ρopt is computed by
(4.4).
2. The IPM is performed using the radius R to get ρ(R).
3. δmean and σ of the Gaussian distribution are computed so that the δi will follow N (δmean ; σ).

4. The IPM coupled with dropping and rolling is used to generate discs, representing the
fibers, with radii R + δi /2.
5. The discs are shrinked by removing δi /2 and thus obtaining the wanted fiber packing.
4.1.2. Ripley’s Kr
As one of the objectives of this study is to compute the permeability of different random
fiber arrangements as a function of other parameters beyond porosity, the randomness of the
microstructure needs to be properly quantified. The Ripley’s Kr function [29, 30] can be used
to differentiate between regular, Completely Spatially Random (CSR), and clustered point
patterns. This function is defined as:
Kr (r) =

N
A X Ik (r)
.
N2
wk (r)

(4.6)

k=1

where Ik (r) is the number of points found within a distance r of the point k, N is the total
number of points in the area of interest A, and wk (r) is a correction factor taking account of the
fact that it is possible that only a part of the observation area πr2 falls within the area of interest
A. This correction factor is computed as the proportion of the perimeter of the circle centered in
k with radius r which is inside the area of interest [31]. Kr (r) describes characteristics of point
patterns at many length scales. The Kr -function of a Poisson distribution is πr2 and draws
a dividing line between a regular and a clustered pattern. Estimates of Kr (r) are expected
to be smaller than πr2 if the points form a regular pattern, and to be larger than πr2 in the
presence of clustering [32]. Furthermore, the extent of the deviation of Kr (r) from πr2 and the
length scale at which such deviations occur give some additional
insight into a microstructure.
p
The L-plot, a linearized plot of Kr (r) defined as: L(r) = Kr (r)/π, is frequently used to show
these deviations and the length scales at which they occur. The L-plot of a Poisson distribution
is simply a straight line of 45-degree slope through the origin. Figure 4.3 shows the resulting
L(r)-function applied to the fiber distributions in Figure 4.2. It is evident that at large distances
all fiber distributions approach the CSR pattern. This concludes that our method can generate
random distributions usable in this type of studies.
Algorithm of Ripley’s Kr (r)
1. for r = 0 to 20 ∗ f iber′ s radius
Kr (r) = 0

for i = 0 to Number of fibers (Nf )
a) I(r) = 0
b) Compute the distance, d, between f iberi and f iberj (i 6= j)
if d ≤ r

I(r) = I(r) + 1
end if
c) Compute the edge correction factor w(r); 28 cases exist (see [31])
end for i
Kr (r) =

Area of RV E
Nf2

PNf

I(r)
i=1 w(r)

end for r
2. Compute L(r)
3. Compare with the L-plot of the Poisson distribution

(a)

(b)

(c)

(d)

Fig. 4.3. The L(r) functions of the fiber distributions described in Figure 4.2

5. Permeability Computation
5.1. Computation of the transverse permeability tensor
We have chosen to use the least squares method to compute the transverse permeability.
The computations are performed with the first two sets of boundary conditions for 2D Stokes
equations (2.1).
First assuming that the permeability tensor K⊥ has the form


Kxx Kxy
K⊥ =
,
(5.1)
Kxy Kyy
f

and second, that 2 computations were performed which gives hvi i and h∇pi i with i = 1, 2.
The least square method consists in minimizing the function J
J(Kxx , Kyy , Kxy )

=

2 
X
i=1

2
f
f
Kxx h∂x pi i + Kxy h∂y pi i + ηf hvx,i i


2
f
f
+ Kxy h∂x pi i + Kyy h∂y pi i + ηf hvy,i i
.

(5.2)

The minimum of Eq.(5.2) is obtained when the partial derivatives of the function J with respect
to the permeability components are zero i.e.
∂J
=0,
∂Kxx
∂J
=0,
∂Kyy
∂J
=0.
∂Kxy
(5.3)
This leads to the following system of equations:
AKxx + CKxy

= E,

BKyy + CKxy

= F ,

CKxx + CKyy + (A + B)Kxy

= G,
(5.4)

with
A =
B
C

=
=

2 
X
i=1
2 
X
i=1
2
X
i=1

E
F

=
=

G =

−ηf
−ηf

Kxx

=

Kyy

=

Kxy

=

f

h∂y pi i
f

h∂x pi i

−ηf

which gives

f

h∂x pi i

2
X
i=1
2
X

2

,

2

,

h∂y pi i

hvx,i i ,

f

hvy,i i ,

h∂y pi i

i=1

,

f

h∂x pi i

i=1
2 
X

f

h∂y pi i

f

f

hvx,i i + h∂x pi i

hvy,i i



−BCG + C 2 F − C 2 E + EAB + EB 2
,
d
A2 F − CAG + C 2 E − C 2 F + ABF
,
d
BAG − BCE − F AC
,
d

where d = (A + B)(AB − C 2 ).
If Kxy is assumed to be zero, then,
Kxx

=

Kyy

=

E
,
A
F
,
B

,

If Kxy = 0 and Kxx = Kyy , a scalar transverse permeability K can be computed as
K

=

E+F
= −ηf
A+B

=

P2

P2

f

f

h∂x pi i hvx,i i + h∂y pi i hvy,i i
2 
2
P2 
f
f
h∂
p
i
+
h∂
p
i
x
i
y
i
i=1

i=1

hvi i · h∇pi if
−ηf P2 i=1
.
f
f
i=1 h∇pi i · h∇pi i

(5.5)

5.2. Computation of longitudinal permeability
The longitudinal permeability is obtained by computing the scalar vz solution of the reduced
Stokes equation

 2
∂ 2 vz
∂p
∂ vz
+
=
on Ωf ,
(5.6)
ηf
2
2
∂y
∂x
∂z
and
Kk

= −ηf

hvz i
.
∂z p

(5.7)

6. Numerical Results
6.1. The RVE’s size
The randomness of the generated fiber distributions leads to a scatter in the computed
permeability. Hence, an average permeability should be calculated along with a data variation in
order to be statistically representative. In this work, 20 random microstructures were generated
for each class of fiber distributions characterized by the same φ and σ. The average permeability
and its standard deviation, σp , are given by:
20

hKi =

1 X
Ki ,
20 i=1

v
u 20
X
1u
t (K − hKi)2 .
σp =
i
19 i=1

(6.1)

(6.2)

Moreover, the permeability of fiber distributions is not only a function of microstructural
parameters but also a function of the RVE’s size which is the same as the number of fibers Nf
in the domain. An extremely large computational domain is surely representative of the fiber
array but this will cause a drastic increase in the computational cost which makes this type of
studies quasi-impossible. In order to determine the appropriate size of the RVE a study of the
size effect on hKi, hKk i and φ was performed and computations were carried out on elementary
volumes of different size extracted from microstructures generated with σ = 0.06R and φ = 0.5
as illustrated in Figure 6.1.
The results are shown in Figure 6.2 where the permeability values are adimensionalised.
Fluctuations are observed in the values of hKi/R2 , hKk i/R2 and hφi when a relatively small
number of fibers is considered then the values reach a plateau after Nf > 385. Also, after
Nf > 555 the associated standard deviations are reduced. As a conclusion, an RVE’s size of
Nf > 555 is used in the remainder of this paper.

Fig. 6.1. Elementary volumes extracted from a 10 × 10 microstructure in order to determine the size
of the RVE

(a)

(b)

(c)
2

Fig. 6.2. The size effect on hKi/R . The fiber distributions were generated with σ = 0.06R and
φ = 0.51. The error bars represent the standard deviations ±σp

6.2. Isotropic properties
We computed the values of the components of the transverse permeability tensor K⊥ , Kxx ,
Kyy and Kxy , in order to see if the scalar transverse permeability K can be computed. In Figure
6.3, the averaged components are computed at different porosity levels and plotted against σ/R.
The values at different porosities are illustrated in different figures for sake of clarity.

(a)

(b)

(c)

Fig. 6.3. The averaged permeability components at different values of σ: (a) φ = 0.51, (b) φ = 0.7 and
(c) φ = 0.9

Figure 6.3 shows that Kxx is equal to Kyy and Kxy is negligible on all porosity levels and at all
values of σ. This means that the transverse permeability is independent of the flow direction
and that the fiber arrays are isotropic. In this case, a scalar transverse permeability is computed
by Eq.(5.5).
6.3. The effect of σ on K
Figure 6.4 shows two representative flow paths computed on RVEs at φ = 0.7 and Figure
6.5 illustrates the velocity computed for the boundary conditions of type 3 (Eq.(4.3)) on the
same previous RVEs. The difference between the two microstructures lies in the choice of σ
(σ = 0.03R in Figures 6.4(a) and 6.5(a) and σ = 0.4R in Figures 6.4(b) and 6.5(b)).
We notice from these two figures that the microstructure has a great effect on the flow

(a)

(b)

Fig. 6.4. Flow paths for boundary conditions 2 across a unidirectional disordered fiber array: (a)
φ = 0.7 , σ = 0.03R and (b) φ = 0.7 , σ = 0.4R

distribution in the interstitial space. In what concerns transverse flows (boundary conditions
2 and Figure 6.4), a larger degree of local heterogeneity caused by an increase of σ results in
a wider range of flow paths. In this case, a few major flow paths exist while in the case of
σ = 0.03R a large number of small paths exist giving a uniform flow through the fiber array.
In what concerns longitudinal flows (boundary conditions 3 and Figure 6.5), a larger degree of
local heterogeneity results in the formation of pockets of high-speed fluid against a more uniform
speed for small values of σ. From these Figures, it is evident that fibers at the same porosity
can exhibit drastically different patterns of fluid flows. It follows that the use of porosity alone

(a)

(b)

Fig. 6.5. Contours of fluid velocity for longitudinal flows across a unidirectional disordered fiber array:
(a) φ = 0.7 , σ = 0.03R and (b) φ = 0.7 , σ = 0.4R

cannot define properly their permeability.
In Figure 6.6 the numerically computed hKi and hKk i at each porosity level are plotted against
σ/R.
The effect of σ/R on hKi/R2 and hKk i/R2 is evident. An increasing σ or also moving from
a uniform array to an array showing higher degrees of disorder results in an increase of both
permeability values, the transverse and the longitudinal. The results of hKk i are in agreement
with those of Chen and Papathanasiou [11] who also found that an increase of the microstructure’s heterogeneity enhances hKk i. This is due to the formation of large flow paths. On the
other hand, our results concerning hKi are opposite to those of Chen and Papathanasiou [12]
except for φ > 0.7. They explain that the decrease in hKi in the range 0.45 < φ < 0.7 comes
from the presence of narrow gaps which reduce the permeability and that the increase of hKi
in the range φ > 0.7 comes from the formation of flow paths whose size is comparable to the
size of fiber aggregates. In our case, we explain this increase by the simple fact that large gaps

(a)

(b)

Fig. 6.6. The effect of averaged standard deviation of the inter-fiber spacing on the normalized averaged
transverse (a) and longitudinal (b) permeability

enhance hKi as they enhance hKk i.

7. Conclusion
A method to generate unidirectional disordered fiber arrays, with a specific predefined porosity and inter-fiber spacing, in an FE context was introduced. This method is based on an advancing front method to generate the fibers’ centers, on level-set functions to immerse the fibers
in the FE mesh and on anisotropic mesh adaptation to properly describe the fibers’ interfaces.
Furthermore, permeability computations of the generated unidirectional disordered fiber arrays
were performed. The flow through the fibers, which were considered as rigid discs, is governed
by the Stokes equations that, when averaged, lead to Darcy’s law. Hence, the permeability of a

fiber array can be computed. The RVE’s size, or number of fibers, was determined by studying
its influence on the transverse and longitudinal permeabilities. Afterwards, we have shown that
the fiber arrays are isotropic and that the transverse permeability is independent of the flow
direction. Furthermore, the influence of the degree of disorder of fiber arrays on transverse and
longitudinal permeabilities was studied and the results have shown that both permeabilities
increase on all porosity levels as the disorder increases.
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