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Abstract

We consider a quantum system composed of a fast quan-
tum subsystem coupled to a slow one. We provide ex-
pressions of the approximate reduced model describing
the slow subsystem perturbed by the fast one (adiabatic
elimination), based on an asymptotic expansion that we
solve up to second order. The specificity of our expres-
sions is to preserve the quantum structure in the reduced
model: we provide the reduced dynamics in Lindblad
form, and the mapping defining the slow manifold as a
completely positive map in Kraus form.

1 Introduction

Very often in quantum physics we are dealing with com-
plex connected systems where we want to characterize
the evolution of one subsystem, e.g. an engineered in-
formation encoding device, coupled to various external
influences and to quantum communication buses. When
the time scales in the subsystem of interest are much
slower than in the other subsystems, one can derive a
reduced model with rigorous approximation guarantees,
by eliminating the fast variables with so-called adiabatic
elimination techniques. We would essentially treat the
slow dynamics of interest as a small perturbation to the
fast dynamics, and solve for the effect of this perturba-
tion. One of the key issues of adiabatic elimination is to
ensure a physical meaning for the reduced model. For
closed quantum systems, described by the Schrodinger
master equation, the quantum evolution is unitary and
regular perturbation theory is routinely applied ([15]).
The case of open quantum systems, described by a Lind-
blad master equation ([5]), is much more complicated
and involves singular perturbation theory.

A lot of particular examples of open quantum systems
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have been successfully treated in the literature. [6], [14],
[13] study models with excited states decaying fast to-
wards several ground states. For systems with Gaussian
dynamics an adiabatic elimination technique is presented
in [10]. [1] investigate a specific atom-optics system.
Some more generic methods have also been proposed. A
generalization of the Schrieffer-Wolff formalism for Lind-
blad dynamics is developed in [11]. [4] derive a reduced
dynamics as the speed of the fast subsystem tends to in-
finity, without giving the order of approximation nor the
perturbation of the slow manifold. However, as pointed
out by recent quantum experiments aiming at strong in-
direct stabilization of quantum systems ([12]), a better
knowledge of the order of validity of such approximations
is becoming necessary.

In the present paper, we use a geometric approach to
perform adiabatic elimination for composite open quan-
tum systems. Our main contribution is to combine two
key features. First, we provide an asymptotic expansion
that allows to choose the order of approximation, both
for the dynamics and for the characterization of the slow
manifold, as a function of the time-scale separation be-
tween the fast dynamics and its perturbation. Second,
we preserve the structural properties of open quantum
systems, and hence allow a physical interpretation of the
reduced model:

e The reduced dynamics follows a Lindblad master
equation.

e The parameterization of the slow manifold is ex-
plicitly given as a trace preserving completely pos-
itive map, also called Kraus map, see [8].

To our knowledge, ensuring a Kraus map for the slow
manifold is novel in adiabatic elimination.

Our approach is based on center manifold techniques
([7]) and geometric singular perturbation theory ([9]),
to derive a recurrence relation between the corrections
at various orders. We made a first contribution along
those lines in [2], deriving formulas only for the first order
approximation, for a general quantum system with fast
convergence of part of the variables. Here we provide the
second-order expressions as well, which leads to a conjec-
ture about extending the structured computation to any
orders, when the perturbing dynamics is Hamiltonian.



We also consider a more specific quantum model, where
the slow and fast variables correspond to two different in-
teracting quantum subsystems. The slow and fast man-
ifolds are hence factored in tensor product form, rather
than the cartesian product which is standard in classical
dynamical systems. We can then interpret the dynam-
ics of the reduced quantum subsystem. As expected, the
first order approximation corresponds to the well-known
Zeno Hamiltonian. It also shows that entanglement al-
ready appears at this order; to our knowledge, this is the
first time that such systematic first order entanglement
is shown in adiabatic elimination. The second order ap-
proximation emphasizes how a Hamiltonian coupling to
an open system introduces decoherence in the slow dy-
namics. It also shows that the second order decoherence
operators are linear combinations of the operators in the
interaction Hamiltonian, and that there are precisely as
many decoherence channels as Hermitian operators in the
interaction Hamiltonian.

The paper is organized as follows. Section 2 presents
the model of composite open quantum system, our as-
sumptions on the dynamics, and some key properties of
our particular model. Section 3 introduces the asymp-
totic expansion for adiabatic elimination. Section 4 con-
tains our main results, i.e. the structured expressions for
the first and second order terms of the asymptotic ex-
pansion. Section 5 is devoted to an illustrative example
of two qubits, a fast one relaxing to a driven mixed state
and a slow qubit dispersively coupled to the fast one.

2 Bipartite systems

Let Hr and Hgs be two Hilbert spaces of finite dimension
associated with two quantum subsystems. The Hilbert
space associated with their composite system is the ten-
sor product space Hp ® Hg, whose dimension is the
product of the individual dimensions. Denoting with
{1£i'}s,{lsj)}; some orthonormal bases for Hr and Hg
respectively, an orthonormal basis for Hr ® Hg is given
by {1f5) ® Isk)}jk-

The state of an open quantum system on H is de-
scribed by a density operator p, which is a linear Her-
mitian nonnegative operator from H to H (~ a matrix
acting on the complex vector space) whose trace equals 1.
For all other operators on Hilbert spaces we use bold let-
ters. We will denote D (resp. Dr,Dg) the “state space”,
i.e. the compact convex set of all density operators on
H =Hr @ Hg (resp. Hp, Hs). A given state p of the
composite system on H cannot always be described in
terms of one state on Hp and one on Hg — the dimen-
sions of the Hilbert spaces readily shows that the com-
posite state can contain more information. To extract
from some p € H the maximum of information concern-
ing the state of the subsystem in Hg, we take the partial
trace over Hp, i.e. Trp(po) = >_;(filplf;) - Here, with a
slight abuse of notation, we mean (f;|(|fx) ® |s¢)) = |s¢)

if j =k, or =0 if j # k; and computing its action on
any other vector of H by linearity.

The dynamics of an open quantum system can be
described by a Lindblad master equation (see, e.g., [5]):

L L.p+ pL}L,
2 )
(1)
with any operators L, and any Hermitian operator H.
In all the following, the cursive £ possibly with indexes
denotes a super-operator, i.e. a linear function mapping
operators-on-H to operators-on-H, of this particular Lind
bladian form.
In this paper, we consider a composite quantum sys-
tem with two time scales:

do _

= 2p) = —i[H, p] + > LupL -

m

d ) .
d—;’ =Lr(p) — ie[Hins, p] with 2)
£r(p) = —i[Hr @ 1s,p] + Y _(Lr, ® 15)p(L}, @ 15)
n
(L, Lr,) @ 1s)p+ p((LE;, Lr,) @ 15)
2 )

Nint

H,: = ZFj X Sj
j=1

and where € is a small positive parameter. Here 1g de-
notes the identity operator on Hg and £ thus acts non-
trivially only on Hp. In other words, £r(X ® Y) =
Lr(X)®Y for any operators X on Hp and Y on Hg.
With a slight and common abuse of notation, we will
thus sometimes refer to £(X) with an operator X on
Hp only. The F; are some Hermitian operators on Hp
and S; are some Hermitian operators on Hg. In partic-
ular, H;,; may include an operator 1 ® Hg consisting of
all the Hamiltonian dynamics of the subsystem S.

For € = 0, the subsystem on H g is completely decou-
pled from the subsystem on Hg. The latter in fact does
not move. For the former, we assume that for e = 0 it
asymptotically converges towards a unique equilibrium
state denoted by pp = > 7 [Xm)(Xm|, where the
second expression is a spectral decomposition with r,,>0
for all m and np is the rank of pr. Note that asymptotic
convergence requires the presence of a dissipative (i.e.,
non Hamiltonian) term in the dynamics. Then on H, for
any initial state p(0) = po the solution of % = Lr(p)
converges for t tending to +o00 towards

_ e+00£F(

(3)

where e!*7(-) is the propagator. In the sequel, we will
exploit the following key properties.

Pos po) =Pr ® Trr(po).

(a) Trr (£r(A)) = 0 for any operator A on Hp @ Hs.

(b) Several times we will have to find an operator X on
H r as the solution of £7(X) =Y, with Tr(Y) = 0.



The asymptotic stability implies that £r is sta-
ble (eigenvalues with strictly negative parts) when
considered as a linear map on the space L'(Hf) of
linear operators on Hp with trace 0 (the fact that
p is Hermitian and X possibly not, is easily cov-
ered by noting that £r(ip) = i€r(p)). The inverse
is thus well defined for Y, X € £°, and a formal
expression is:

(v = | Tt yyar, @)

which indeed converges since t — e™*F(Y) con-
verges exponentially towards 0.

In the computation of item (b), if Y takes the form

Y75, i.e. the states orthogonal to span{|x1), ..., [Xng)}

are in the kernel of Y, then also X = £.'(Y) takes
the form Xpp (see Lemma 3).

Similarly, we will have to solve for operator X on
the composite Hilbert space H in equations of the
type £r(X) =Y, where now Y as well acts on H
instead of Hp. Since £r acts nontrivially only on
Hp, the same formula (4) applies, provided that
we assume that Trp(Y) = 0, and yields a unique
solution X such that Trp(X) = 0.

Standard computations show that for any opera-
tors X and Y on ‘Hr we have the following identity
£r(Xpp) Y+ X Sr(ppY') =

Lr(XppYT) — Z[LFWX] pr [Lp,, Y]
m

()

Our goal, in system theoretic terms, is to obtain the
expressions for the slow dynamics, i.e. the perturbation of
the center manifold Dy = ker(£r) = {p = pp®ps, Vps €
Dg}, for € # 0 but small.

3 Asymptotic expansion

We now recall the asymptotic expansion method for ob-
taining such center manifold approximations, which leads
to the recurrence relations which we must solve. We ap-
ply an adaptation of [7, Th.1 chapt.2] to construct an in-
variant submanifold of equation (2) to which the system
converges quickly and on which it evolves slowly. This
manifold is the image of Dy under some map K. Using
[9], we can develop the map R and the slow dynamics
on K in power series of €. In order to preserve physical
meaning, we will impose a specific quantum structure
onto these standard techniques.

We parameterize the slow manifold, i.e. the pertur-
bation of Dy, by a density operator pg of the same di-
mension of Dy, and thus of the density operators on Hg.
We will then interpret pg as approximately the state of

the Hg system, although this is not exact: for € # 0 the
subsystems of Hg and Hp get “hybridized” in the slow
manifold, and we impose to describe this by a Kraus
map:

plt) = R(ps(t) = 3 8P ps(t))

k>0

(6)

When approximating the infinite series by a finite sum up
to k = k, we impose to get an explicit Kraus map pg —
5, K (B @ps(6) K] with Trr (3, KIK, (75 @ 1)) =
1s, up to terms of order eF+1.

Similarly, we impose that the evolution of pg(t), pa-
rameterizing the dynamics on the slow manifold, follows
a Lindblad equation:

d
= s)
k>0

(7)

where, for any finite sum, we want to obtain on the right
an expression of the type (1).

Using [9] and [7], we derive the following formal in-
variance condition binding the unknown maps £, and
ﬁk:

dp ZEF(Z " R, (P ® ps))
dt F Y Ps

k>0

—ie[Hint, Y " R(pp @ ps)]
E>0

(1) = S | T los)

k>0 §>0

Identifying the terms of same order in € yields recurrence
relations to derive the &; and £, ;.

To initialize this recurrence, it is natural to choose
the zero order mapping

Ro(pr ® ps) =Pr @ ps - (8)

The zero order recurrence relation then yields pp®£s o(ps) =

£ (Ro(ps)) = 0so we get £,0(ps) = 0 as expected. For
k > 1, the term in €* gives the condition

Lr (8P ® ps)) — i[Hing, Ri1(Pr @ ps)]
k

= Z Ri—m (ﬁF @ Es,m(ps)) :

m=1

(9)

The remaining difficulty is to solve (9) analytically, with
the constraints on the structure of &; and £, ;.

4 Main results

Our main result is an explicit solution for the first and
second order approximation from the recurrence (9). In
all the following, for an operator X on Hp, we denote
X=X- TI‘(XﬁF)lp



Theorem 1 The first order approzimation for the slow
dynamics of (2) is given by the Hamiltonian evolution
(10)

ps = 6'Q’S 1(PS) i[EHS1 ) PS]

dt

with Hg, = Z;Z‘tl Tr(F;pr)S;. The parameterization of
the slow manifold is given by:

(Ro + ef1)(Pr © ps) + O(e?) =

(1-ie) Q;®8;)(r®ps)(1+icy Ql®S;)
j=1 j=1

(11)

with Q; satisfying, thanks to property (c) from Section
2,

Q;pr = —LF' (F; prp) with TH{Q;pg) = 0.

Proof 1 Taking (9) for k = 1 and using (8), we must
solve

SF(ﬁl( F®PS))

With a partial trace versus Hp and using property (a)
from Section 2, we get

i[Hine, ppr@ps| = ppr®Ls1(ps) . (12)

Lo1(ps) = =i Y _[Tr(F;55)S;, ps]
j=1
Plugging this into (12), we compute R by solving the

equation Sp(R1) = i) 5" (F;pr ®Sjps —
Inverting £r with propertzes (d),(c) from Section 2 and
the associated operator spaces, we get

S =iy (Lp'(F;pp) @ Sjps — Li' (0rF;) @ psS;)
j=1
since Tr (Fjﬁp) =0 for each j. O

Theorem 1 shows that the slow evolution is coher-
ent up to second order terms and driven by the Zeno
Hamiltonian eHg,. However, the underlying state p of
the bipartite system given by (11) admits in general en-
tanglement terms of order one versus e.

Lemma 1 Consider the n,, X n,, matriz Z of entries

—Tr (F; &5 (Fjrpr))

Then X = Z + Z' is always nonnegative and thus is
factorized, X = NN, where N is an n.,, X n,, matriz
with complex entries.

Zjj =

Proof 2 From (5) with X = —Qj and Y =
have

—-Qj, we

—Lrp(Qy PF)Q Q; EF(PFQ )=
Z aQJ [ FmQj]

Fj pFQ +Q; prF;
- LF(Q]‘/?FQJ‘)-

Since X = Tr (Fj/ﬁFQ}L‘ + Qj/ﬁFFj)

= Tr( 7 pFQ + Q; ppF; ), we have

Xy =Y Tr([Lg,, Qi pr [Lr,, Q).
n

With the spectral decomposition of Dp = >, Tm |Xm){(Xm|
we have X T = Zu)m rin G where each matriz GH™

18 the n,,, X n,, Gram matriz associated with n,, vectors
Lr,,Q1llxm)s ---» [LE,, QuyllXm).  Such Hermitian
matrices are always nonnegative (see, e.g., [3, page 3])
and thus X is nonnegative because each r,, is positive.

O

Theorem 2 The n,, x n,, matrices Y = (Z — Z1)/2i
and N provided by lemma 1 yield the following second
order approzimation for the slow dynamics of (2):

—ps = €Ls1(ps)+€°Ls2(ps) = —i[eHs, +e*Hg,, ps]

a’

+> " (CypsCh - SCiCyp
j=1

- psClc;) (13)

where Hg, is given by (10),

Nint Nint
C;= E NjjSj and Hg, = E Y S;S;.
j'=1 =1

prFj © psS;). ‘Proof 3 Taking (9) for k =2, we must solve

i[Hint, 81 (pr ® ps)]
s)) + P ® Ls2(ps) -

SF(RQ(F)F & PS))
=Ri1(pr @ Ls1(p

The two unknowns Ko and Lo appear in ezactly the
same structure as for k = 1, only the independent term
changes. With £, 1 and 81 provided by theorem 1, we get
after some standard computations:

Lr(R2(pr @ ps)) = pr @ £42(ps)

+ % (F QjPr ®8; SJPS+PFQ F; ® psS; S)
J,3'=1
- nZ (( iPrQj + Q;prF )®SJPSS ) (14)
J,J'=1

With a partial trace versus Hp, using property (a) from
Section 2 and Tr(Q,;pr) =0, we get

Z Tr (FjﬁFQ;/ + QjﬁFFj/) S;ipsS;

J,3'=1

25,2(/)5) =

S (77(Q7rE)) S8 ps + Tr(E,7Q) ) 58,85

J:3'=1



Since Z; jy = Tr(Q;ppF;) and Z = X/2+iY with XT =
X and Y1 =Y, we have after some simple computations

Ss.Q(f’S) =
Nint
(Xj,j’sjpssj' — 24188 ps — 4 pSSj,Sj)
4.4'=1
Nint Nint
—i| > Y088 | pst+ips | D Y ;8iS;
4.4'=1 4.4'=1

We get thus the Hermitian operator Hg,. Since X; j» =

doiAly N3 jw Ny o, we have by definition of Cj,
Tint
> (CinsC] ~ 5CICsps — $05CJC; )
j=1
Mint x x
= > (XisSipsSy — 758,805 — “54psS; S, ).
Ji=1

We have proved (13). O

Theorem 2 shows that the Hamiltonian coupling to a
dissipative bath leads to decoherence at second order on
the slow system. The number of decoherence operators
C'; does not exceed n,,, the number of Hamiltonian cou-
pling terms, independently of the dimension of Hp and
of the number of decoherence operators L, involved in
the fast relaxation described by Lp.

These formulas allow to compute the approximate
evolution of the coupled system, provided we integrate
or invert a superoperator L that acts only on the fast
subsystem.

5 Illustrative example

We illustrate our results on a simple example: a system
constituted of two connected qubits (two-level systems).
We denote by o,,0,,0. the standard Pauli matrices,
and by o_ = (o,—i0,)/2 the energy loss operator (jump
from the higher to the lower of the two levels). An upper
letter denotes the qubit on which the operator is acting
non-trivially, e.g. o = o, ® 1g.

The first qubit is open to the outside world and thereby
subject to significant energy loss. It can also be driven
by a resonant electromagnetic field to stabilize it, on the
fast timescale, to a unique stationary state of nonzero
energy. This fast subsystem is coupled to another qubit,
which is well-protected i.e. which would keep its state in
absence of that coupling. For the sake of concreteness we
consider a dispersive coupling Hamiltonian. The dynam-
ics of the system is then given by the following master
equation:

d F_F F_F
D —ulol ol gl + (o pol] — T

—iklo, ®0,,p] .

Assuming v > k, the first line corresponds to the fast
dynamics £r(p) and the second line to its perturbation.
To make an easy correspondence with the general theory,
we can choose the time-scale such that v = O(1) and then
K=e<1.

For k = 0, the steady state of the fast qubit is given
by :

14+ 2000y + 2000,

2

Pr

,YZ

42 + 8u?’

dyu

m and oo = —

with 2o =
For the first order approximation, we compute Tr(o.pp) =
Zoo and formula (10) leads to :

dps
dt

_i’fzoo[o'za ps]

for the dynamics. For the parameterization of the slow
manifold by

(Ro + K1) (Pp © ps) + O(x”) =
(1-ikQ®o.)(pr®ps)(1+iQ' ® a.) ,

we first write F = o, — 200 1 and to get Q we must
solve

010 (Qpp)+(Qpploto—
2

o_(Qpplo — = ZoofF — 02PF

with the constraint Tr(Qpp) = 0. Such operators can be
parameterized by Q = ¢, 0, + q,0 + q.0. + qrlg with
dz:Qy, 4=, q1 € C. Analytically solving the linear system
in 4 variables is a more direct alternative than using the
formula (4) by integrating the dynamics; anyways, with
both methods we get

2944 . 2y 48iu?
QLE - ,Y2u+8u3 9 qu - 72271«4*8’[1.32

_ 3y . __ 5y +16qyu
4> = DR y 41 = Z+sud)?

Note that although Q appears to be large for u < 1, in
fact the products Qpp and QprQ' remain small.

For the second order approximation, the matrix Z
of Lemma 1 reduces to a scalar. Furthermore, with the
values just computed, Tr(FQp) turns out to be purely
real, so there is no second-order correction to the Zeno
Hamiltonian, and the slow dynamics is given by

dps _ .. (02, ps]
dt |9z, FPs
2 2
2 2 (V" +2u%)
+K 64’}/’& m (O'Zpsaz—ps).

The dissipative part expresses how the purity of the slow
qubit is affected by its coupling to the strongly dissipative
one: the uncertain energy level of the fast qubit induces a
growing phase uncertainty (dissipation with the o, oper-
ator). For u very small, p is close to a pure state (lowest



energy level) and pg undergoes almost no phase uncer-
tainty — there remains essentially the deterministic phase
shift induced by the coupling to the lower energy level in
Hp. For u very large, pp is close to 1p/2 which seems
to indicate large uncertainty. But in fact, the system
is undergoing a sort of quantum dynamical decoupling
(see [16]): the value of o, on the fast subsystem gets av-
eraged out by our particular dynamics stabilizing 17/2,
such that there remains no significant net coupling be-
tween slow and fast qubits. This explains physically why
with u > 1, we indeed have dps/dt = 0 up to second
order.

6 Conclusion

We have studied adiabatic elimination in composite open
quantum systems, assuming that one of the subsystems
converges on a fast time scale towards a unique steady
state. The other subsystem admits Hamiltonian dynam-
ics on a slow time scale and as is common in quantum
dynamics, the subsystems are connected via Hamiltonian
interaction. We treat this slow dynamics as a pertur-
bation, with respect to the trivial dynamics where the
slow subsystem would just stay at its initial condition.
Hence, using geometric singular perturbation theory and
center manifold theory, we have derived an asymptotic
expansion for the perturbation dynamics and for the slow
manifold, in terms of powers of the time-scale separa-
tion. The quantum specificity is to impose, at all orders
in this expansion, dynamics in the form of a Lindblad
master equation and a slow manifold parameterization
in terms of a completely positive trace preserving map
(Kraus form). We have solved the expansion with these
constraints up to second order, giving explicit expres-
sions which allow physical interpretations. The goal of
our future work is to provide a systematic procedure for
computing explicit Lindblad and Kraus forms at arbi-
trary orders. This would allow (i) to get accurate re-
sults for less significant time-scale separations — e.g. al-
lowing some quantum experiments to engineer stronger
coupling and faster operation of the slow system — and
(ii) to bound more precisely the effects of detrimental
ancillary couplings, as a function of different classes of
perturbations.
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A Inversion Lemmas on £p

Lemma 2 Let £r(pp) = 0, with £r of the form (1).
Then for any |v) € ker(pp) we have \/FpLL|v) = 0, for
all k.

Proof 4 For |v) € ker(pp) we have (v|Lr(pp)lv) =
Zk<V|LkﬁFLL|I/>. Since £r(pr) = 0 each term of this
positive sum must annihilate. 0

Lemma 3 Denote by p = pp the unique solution of
Lr(p) = 0. For a traceless operatorY such that ker(pp) C
ker(Y), the traceless solution to X = £,*(Y) also satis-

fies ker(pp) C ker(X).

Proof 5 Note that the operators have such kernels if
and only if they can be written X = XﬁF, Y = YEF.
Since L is a bijection on the space of traceless opera-
tors, the property is equivalent to showing that Y|v) =
Lr(Xpp)lv) =0 for all |v) € ker(py). By using pplv) =
0 and Lemma 2, we directly get

£r(Xpp)lv) = X <iﬁFHF —3Pr ) LM&) v)-
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Subtracting0 = Lp(pp) inside the bracket, applying pp|v) =
0 and Lemma 2 once again, we do get 0. O



