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Averaging on simple windows in deterministic optimal control

Sandrine Bernard, Francois Chaplais, Fabienne Chaplais **

June 9, 2018

Abstract

A windowed averaged scheme is defined for general control systems. The same method is used to
average costs in optimal control problems (OCPs). A numerical parameter « can be computed, which
expresses the distance between the original system and the averaged system in a weak sense.

Then, if we use the optimal control of the averaged OCP in the original OCP, the suboptimality of
the control is bounded by an expression of the form Ca?.

1 Introduction

Historically, the method of averaging was introduced to study the motion of celestial bodies by solving
a simple two body equation which is perturbed by the influence of other bodies (see the section in [1§]
about the history of averaging). As developed in [17], the framework was that of the perturbation of an
orbit by the small influence of a periodic input. Averaging was then generalized in a geometric framework,
notably in [1, 2]. A comprehensive book on the subject is [18].

All of the previous references deal with systems of ordinary differential equations, without any notion
of control. In this article we apply averaging on control systems, specifically in optimal control problems
(OCPs). In this context, the question is: given a control that is optimal for an averaged OCP, will it be
almost optimal for the non averaged OCP? In this case, it is not efficient to average a dynamical system
and then add a control. Indeed, the “optimal” control obtained this way would vary slowly. A very simple
counter example on a LQ problems shows in [8] that, in order to obtain a sub optimal control, the optimal
control computed in the averaged problem must include fast varying components.

An early work [3] applies averaging to two point boundary value problems, but its application to
optimal control is limited to what is essentially the LQ case. In [8], the method of averaging is applied
to optimal control, both in open loop (in the periodic case) and in closed loop (study of the Hamilton-
Jacobi equation under an ergodicity assumption). The study of the HJB equation is improved in [4].
Observe that, in these two references, the horizon is finite and the oscillatory input is fast. By contrast,
the references [14, 13, 11, 12] consider an optimal control problem “in the long run” with averaging
techniques. The convergence of the optimal cost is proved, but there is no study of the suboptimality
of the optimal control of the averaged OCP when used in the original OCP. Optimal control of celestial
objects (namely the optimal control of low thrust engines in space) have been studied from a geometric
view point and in the periodic case in [6, 5, 7]. Averaging has also been used for similar problems [15, 10]
in a spirit that is close to [8].
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To be complete, averaging has been used is stochastic optimal control, notably of Markov chains (see
for instance [16, 22, 20]). Indeed, when there exists a cycle in a discrete state Markov chain that has high
transition probabilities, then this cycle is gone through very fast and averaging can be applied.

A common feature of the previous literature is that

e it relies on a periodicity or ergodicity assumption
e it only provides asymptotic results.
By contrast, here

e the averaged cost and dynamics are obtained by numerical averaging on contiguous windows over
the horizon [0,7]. These functions do not need to be periodic.

e we define a number «, which represents how close the original and averaged cost and dynamics are
in a numerical “weak” sense, provided the functions are regular enough.The number « can by made
small by using small windows. The number « only depends on the averaged problem solution and
it can be defined for any smooth OCP.

e the number o2, multipied by a number that depends essentially on the regularity and the convexity
of the original functions, provides an error estimate between the optimal cost of the original problem,
and the original cost obtained by using the optimal control of the averaged problem. This error
estimate holds for any OCP provided that o < % The number § is part of the convexity
assumption and kj; depends on the regularity of the original functions.

e for controls that are better than the optimal control of the averaged problem, error estimates on
the trajectories and controls are exhibited and are proportionnal to a.

The paper is organized as follows. Section 2 presents the original OCP. It then presents windowed
averaging for functions, differential equations and control systems. It then presents the averaged OCP
that is studied in this paper. This is where « is defined. Section 3 makes formal expansions in « of the
state and of the costate of the nominal problem around the state and costate of the averaged problem.
Auxiliary variables are introduced there. Section 4 introduces an auxiliary problem of optimization as
well as new auxiliary variables. The main assumptions (bounded derivatives and convexity) are given
before we state the auxiliary problem. The main result is exposed in section 5. It is a result on the
control cost, trajectories and the optimal control. Section 6 is devoted to the proof of the main theorem.
A conclusion is presented is section 7.

Note that, for a fluent reading of the paper, the detailed computations are in the appendices.

2 Problem statement

2.1 Nominal Problem
We wish to minimize the following Optimal Control Problem (OCP) :

T
min/ L(x,u,t)dt (1)
0

u

where z is is a finite dimensional state which satisfies the dynamics :

dz

— = f(z,u,t), (0) = xo (2)
dt

where u is an integrable finite dimensional, unconstrained, control. The assumptions on f and L are given

in section 4.1.



2.2 Averaged Problem

It is well known that, if the dependency of f or L with respect to time contains fast oscillations, the
nominal problem may be difficult to solve. To avoid this, we define an averaged problem with the help of
a very simple low pass filter. It is an averaging method for general functions, i.e. not necessarily periodic.

2.2.1 Filtering by windowed averaging

Definition 1. Let N an integer, and g an integrable function on [0,T]. Let us subdivide [0,T] into N
intervals [tg,tgy1], with:

T
tr=k—, k=0..N 3
k N’ ( )
The averages of g on these intervals define the low pass filter LP on g:
1 th+1
LPlgl(t) = / g(s)ds, t € [tk,tg+1) , k=0..N —1 (4)
le+1 — Uk Jy,

The difference g — LP[g| defines the high pass filter HP on g:
HP =1Id—LP (5)

We then denote I[g] the function:

Imuw=éfﬂmm@w,temT] (6)

The upper bound of the function I[g] is small when N is big and ¢ is bounded.

Proposition 1. The following bound holds for any bounded function g and any t € [0,T]:

1)) < 2llglle 7)

Proof. Let us first prove that for any kK = 0..N

lkt1

HP[g](t)dt =0
22
Indeed:
tetr1 tr41 tet1 1 tet1
HPM@ﬁz/ gmw/ [/ g@m@ﬁ:o
123 ty tr U1 =t Jy,
Hence, for ¢ € [tgtrs1][:
t
Ilg(t)= | HPlgl(s)ds

ty

But |LP[g](s)| < ||9lloo, so that |HP[g](s)| < 2||g|lco- This gives finally:

T
19l < 2llglloo(t = tns1) < 2llglloo 57

O

Example 1 Let us suppose that g is periodical with period % Then LPlg] is constant equal to the

mean of g over a period. The function H P[g] is a periodic signal with 0 average. The function I[g] is the
periodic antiderivative of HP(g) with value 0 at 0. Its upper bound is of order %



Example 2 Let us suppose that ¢ is periodical with period € a small divisor of T, and N = 1. Then
LPJg] is constant equal to the mean of g over the many periods in [0, T]. The function H P[g] is a periodic
signal of small period € with 0 average. The function I[g| is the periodic antiderivative of HP(g) with
value 0 at 0. Its upper bound is of order e. This example shows that the upper bound of I[g] can be small
even with a small N.

2.2.2 Averaging errors for ordinary differential equation

Let us consider the ordinary differential equation:

dx

dat = ((E,t) ) 33(0) = X0 (8)

with f Lipschitz with respect to  and integrable with respect to t.
The averaged ODE is defined as:

B0 _ LP{fl(0.0) . 20(0) = x0 )

with the low-pass filter on a function g(x,t) defined as:
1 to+1
LPlg)(&,1) = / 9(€,5)ds , 1€ [txtirr) , k= 0N —1 (10)
let1 — tk Jy,

As a summary, LP[g] averages g with respect to time on rectangular adjacent windows, leaving the state
variable unchanged.
The state zo is well defined and bounded because f, and thus LP][f], is Lipschitz.

Proposition 2. Let g(z,t) be bounded Lipschitz in x with a Lipschitz constant Ay, and let’s suppose that
f(z,t) is bounded. Let I[g,xo] the function of t defined by:

Tlg, zo](t) = / l9(z0(s). ) — LPlg)(zo(s), 5)] ds (11)

where xq is the solution of the averaged ODE (9) Then the following bound holds:
T
N
Proof. see appendix A. O

(gl < 2(llglloc + AgT | fllo0)

Proposition 3. Let x defined by the ODE (8) and let x¢ defined by the averaged ODE (9). Let X the
Lipschitz constant of f in x and o = supycpo ) (|I[f](t)|). Then the following bound holds:

AT 1
|z — xolloo < @ (13)
Proof. We have
t
|z(t) —@o(t)| = /0 f(x(s),8) = f(wo(s),s) + f(zo(s),s) — LP[f](zo(s)|ds
t
< )\/ |z(s) — zo(s)|ds + «
0
which leads to the result thanks to the Gronwall lemma.
O



2.2.3 Low pass filtering of a controlled system

In the scope of this article, we define, for the integer N > 0, and any functions u(t) and g(x,u(t),t), an
averaged function LP[g, u]

(k+1)T

LPlg,u|(z,t) = J;[/MN g(z,u(s),s)ds forte [kT (k+1)T

=, 5 >andke[0,N—1] (14)

As a summary, LP[g] averages g with respect to time (this includes the open loop control) on rectangular
adjacent windows, leaving the state (or costate) unchanged.

2.2.4 Statement of the averaged problem
We define the averaged OCP which minimizes the cost

T
Jo(w) = /0 LP(L, v](y(s), 5)ds (15)
where y is the state defined by
d
= LPf0l(5.) y(0) = & (16)

which is a well defined differential equation.
Assumption 1. The averaged OCP admits an optimal control ug with a corresponding trajectory xg.
The trajectory zq is defined by the ODE:

dxg

i = LP[f, UO](xo,t) y :C()(O) = 50 (17)

2.2.5 Stationnarity condition for the averaged problem
Theorem 1. Let H be the Hamiltonian of the nominal problem:

Let pg be the costate of the averaged problem, defined along the optimal trajectory xo by the ODE with
final condition:

dpo OH
— =—LP|— t T)=0 19
b Gt G0 0) () (19)
Then the following stationarity condition holds:
OH
ou ($0(t)a UO(t)ap(](t)? t) =0a.e. (20)

where a.e. stands for almost everywhere in t € [0,T].

Proof. see appendix B O



2.2.6 Introduction of a small o

For a function g(z,u,t), the difference g(xo(t),uo(t),t) — LP]g,uo](zo(t),t) is the result of high pass
filtering H P]g, u|(zo(t),t). Let’s define the antiderivative:

t
Ilg.o,wl(t) = | HPlg. wl(an(s).5)ds (21)
0
Then, as a consequence of Proposition 2, the following bound holds:
T
[11g, 2o, uo] (1) < (2llgllc + AgTlI flloo) 57 (22)

In other words, ||I]g,xo,uoll|cc can be made small if N is large, f is bounded and g is bounded and
Lipschitz.
Let’s define similarly the backwards antiderivative

T
Ilg.a0,wl(t) = [ HPlg,ul(aols). 5)ds (23
¢
Then, with a similar proof, the same inequality holds:
T T
11719, @0, uo] ()] < (2llglloc + AgTll flloc) 57 (24)

Consequently, ||I7[g, zo, uo]||oo can also be made small if N is large, f is bounded and g is bounded and
Lipschitz.

Definition 2. For the rest of that document, we consider the small number o defined as:

‘IT [?;7(950,]30)&0] Lo> (25)

This number is small because N is big and assumption 2 below holds (bounded functions and their
derivatives).

o = sup <||I[f, 20, u0]llo

3 A priori expansions and definitions of auxiliary variables

3.1 Notations

Definition 3. We denote the following variables from the state x (xg), the control u (ug) and the costate
p (po):
g = (I’,’LL) , 00 = ((E[),’LL(])
w = (.’L',U,p) , Wo = (.’L'(),U(),p(])
Note: p is the costate of the nominal problem defined by the ODE with final condition:

dp oH

L= t T =0 26
Definition 4. We denote the derivatives up to second order of functions with respect to the variables x,
u or o with indexes, on the model:

of
fa: - %
(92f
Huu = 3 9
Ou?

Hwiﬂ H{EU



3.2 Formal expansion in «

The variable « defined by the equation (25) is a small quantity. We thus develop the state x and the
costate p at the first order in a.

3.3 Expansion in the state variable

The state variable z is the solution of the original dynamics equation (2). It is developed on the first
order in «, as well as the original control u:

T = g+ ax (27>

u = ug + auy (28)

Note that the redundant definitions of xy and wug are consistent, as will be seen later.
We then distribute the coefficients in low (LP) and high (H P) frequencies signals:

To=To+ Lo, T1 =T+ 21 (29)

Because of the equations (27) and (29), and because the derivative of the high frequency signal 27 is in

L (1), the derivative of z has the following expansion in a:

dx B dZo dZy dzy day

a et TaltYa (30)

But, because z is the solution of the original dynamics equation (2), using the developments in « of z
and u, and thanks to assumption 2, we have another development of ‘fl—f at the first order in a:

dx

% = f(CCo,UO,t) + Oé(fu(ﬂjo,UO,t)U]_ + fx(LUO’UO,t)ﬂfl) (31)

Consequently, identifying the zero order terms in equations (30) and (31), we have:

But by definition of £y as the low frequency part of xg, we have:

%?:LPde@mﬂ

Consequently, by definition of H P, we have:

dzy dry
— — =HP
with initial value 0, that derives in:
To + ary = I[f, 2o, uo]

But I[f,zg,up] is of order 1 in « as @y is of order 0. Thus £y = 0, that gives g = o, and thus the
definitions of g and ug are consistent.
Moreover, we have a definition of z7:

axy = I[f, w0, ug] (32)

so that the derivative of 71 is L HP[f, uo](zo, ), that is in 1.

!The integral of HP is in «, so we consider that the derivative of HP is formally in é



A consequence of the definition of az; in (32) and « in definition 2 is that:

[Z1][o0 <1 (33)

3.4 Expansion in the costate variable

The costate variable p is the solution of the costate dynamics equation with ending condition (26). We
develop it at the first oder in a:
P =po+ ap: (34)

We then distribute the coefficients in low (LP) and high (H P) frequencies signals:
Po=po+po, p1=p1+D1 (35)
Because of the equations (34) and (35), and because the derivative of the high frequency signal p; is in

é, the derivative of p has the following expansion in a:

d dpq dp dp: dp:
dp _ [dpo  dpo  dpr] . dpy

at | at Tt at | T (36)

On the other hand, p is the solution of the costate dynamics equation with ending condition (26). More-
over, we have defined the developments in « of z, p and wu.
Thus we have another development of LZTZZ at the first order in a:

dp _

pri —H,(x0, uo, po, t) + o(—Hyy (20, 0, po, t)u1 — Hye (20, uo, po, t)z1 — fz(xo, uo, t)p1) (37)

Consequently, identifying the zero order terms in equations (36) and (37), we have:

dpo | dpo dp1
dt dt OCE = _Hm($07u07p07t)
But by definition of py as the low frequency part of py, we have:

.
=L = —LP[H,,ug] (w0, po. 1

Consequently, by definition of H P, we have:

dpo dp1 _
E + QE = HP[Hx7UO](x07p07t)

with final value 0, that derives in:

po + apy = IT[Hy, (0, po), uo)

But I[—H,, zo, po, uo] is of order 1 in « as py is of order 0. Thus py = 0, that gives py = po, and thus the
definitions of py are consistent.
Moreover, we have a definition of pi:

apr = IT[Hy, (20, po), uo] (38)

1

a.

so that the derivative of py is —éHP[HI, uo](xo, po, t), that is in

A consequence of the definition of ap; in (38) and « in definition 2 is that:

1P1flec <1 (39)



4 Auxiliary Problem

4.1 Assumptions

Assumption 2 (smoothness). The derivatives, up to the third order, of f and L with respect to x and
u are bounded by some k > 0.

A consequence of that assumption is the the value o defined by equation (25) is well defined and small
if N is sufficiently big (or the problem is periodic of small period).
Another consequence is that:

Proposition 4.
y 2
f.00 [ 3| | < kY15 17 (40)

for any (X,U,Y, V).
Proof.

= |fox (X, U Y2 + 2£0( X, U, )YV + fou(X, U, 1)V

IN

KV + V)2
O

Moreover, as pg is the solution of the ODE with final condition (19), it is differentiable and thus
continuous of the bounded interval [0,T7], so that it is bounded. So that another consequence of the
assumption 2 is so:

Proposition 5. The hamiltonian H(x,u,po,t) and its derivatives up to the third order in u and x are
bounded by a constant K.

Proof. Take K = (1 + ||pol|eo)k- O
A consequence of that is:
Proposition 6.

2
‘Haa(X U, pot) [ }‘; ] < K([Y[+|V])? (41)

for any (X,U,Y,V).
Proof. Similar proof as for f,,. O

Assumption 3 (convexity). There exists B > 0 so that for any (z,u), the following holds:
Huu(%U,PO,t) > BId (42)
and
[Huw — Hou(Hu) ™ Huo] (2,4, po,t) > 0 (43)
1

The consequence of equation (42) is that Hy, is invertible and ||H.!||lo < 5 on any (x,u,po).
The consequence of equation (43) is :

Proposition 7.
Hyo(x,u,po,t) >0 (44)



Proof. We make a proof by contradiction.
Let’s suppose that (44) is not true. Then there exists a negative eigenvalue —vy of Hy,(z, u, po,t), that

is there exists an eigenvector [ Z } so that:

roteema[2] 5]

This implies that the two following equations hold:

Hx:c(ﬂzuapoyt)y+qu($,U,P0,t)U = =Y (45)
Hyz (2, u, p0, 1)y + Huu(x,u, po, t)v = —7v (46)

But (vId+ Hyy) > (y+B)Id > 0, so that it is invertible and the equation (46) can be solved in v, giving:
v = (YId+ Hyu(, 4, po, )" Huzy (47)
Then, replacing v by its value in the equation (45), we have:
(Hpo (2,1, D05 t) — Hyw (2, u, po, t)(vId + Hyu(z,u, po, 1)) ™ Hye (2, u, po, 1))y = —7y (48)
But as v > 0, we have the succession of inequalities:
(vId + Hyu(z,u,po,t)) > Hyyu(x,u, po,t)

then
(yId + Hyu(z, u,po,t)) " < Hyl (2, u, po, t)

and then

(sz(xa U, po, t) - qu(xy Uu, po, t)(’ﬂd + Huu(x) U, po, t))_lHOu:p(xa u, po, t))
> [(me - quHu_ulHua:)] (%Uapo,t) >0

Thus the equation (48) can not hold, because —y < 0 can not be an eigenvalue, and equation (44) is
proved by contradiction. O

4.2 Auxiliary Problem Statement
Definition 5. Let’s define the following notations:

Hoyoo = Haa(w07t) = |:

and
an: = fm(007t) ) fOu = fu(007t)

Then we define the auxiliary problem as the linear quadratic OCP with state y and control v:

W fouly+80) + fou  4(0) = 0 (49)
T
w0 = [T 500 0 ) e | 4|1 oo )] a (50)

Proposition 8. There exists an optimal cost v for the auxiliary problem.

Proof. 1t is a convex linear quadratic problem because Hy,, is non-negative (equation (44)). O

10



Let’s denote v1 an optimal control, y; the trajectory corresponding to v; and g; the corresponding
costate. Then y; follows the dynamics of the auxiliary problem:

dyl

o = Joulyr 71) + fouv1 , y1(0) =0 (51)

The hamiltonian of the auxiliary problem expands in:

(Hozay® + 2Hozuyv + Houwuv?) + 11 (fooy + fouv) + a1 [for(y + 71) + fout] (52)

N | —

Hl(y;'U,Q) =

881;21 (y1,v1,p1) = 0 may be written the following way:

Hozuy1 + Houuv1 + (P1 + q1) fou = 0 (53)
Moreover, the costate q; of the auxiliary problem follows the dynamics:

dgy

dt = _HOzxyl - HOxu'Ul - (]51 + q1)f0x , 41 (T) =0 (54)

Moreover, we have:
Proposition 9. y1, v1 and q1 are bounded by a constant M.

Proof. The auxiliary problem is smooth and convex. O

4.3 More auxiliary variables and their upper bounds

Definition 6. For any u € L? o] L i the trajectory of the nominal dynamics (2).
Let’s then define the followzng notations:

or =z — 2 =dr — ax
ou = u — ug =
do = (dz, du) p()\ u) = 00 + A\pudo

Where (uo, zo) is a solution of the averaged problem and axy is I[f, xo,uo] (equation (32)).

Upper bounds for r and v

Definition 7. We define the following data:
r=r—aQy,vV=1u—Qu]
ZIA\ @ (t) = v + [Hyy Huo)(p(\, 1), po, t)(r + a1)

. _/ / MIZD, i][2dMdy

Definition 8. We define the following constants:

@l

foy = 4272 (145) ko = (

2 2
kv1_6<2+K§2krl) ) ka:GKT 2

11



with:
- k is introduced in assumption 2 abound the bounded derivatives of f(x,u,t) and L(x,u,t).
- K = (1+[|pollec )k

- M is the upper bound of the optimal trajectory of the auxiliary problem introduced in section 4.2

(proposition 9).
- « is the small quantity defined in equation (25).
- B is the convexity constant of Hy, introduced in equation (42).

Proposition 10. The following inequalities hold:
||T||§o < krlz2 + kr2a2

and:
||v||§ < ky1 22 + kool

Proof. see appendix C.1

Upper bounds for » —r; and

Definition 9. | is defined by the following dynamics:

dr - -
ditl = f(r1 + 2o+ a(@1 +y1),v +ug + avy, t) — f(xo + a(d1 + y1), up + vy, t) , r1(0) =0

Definition 10. We define the following constants:

T
b = S (1+ IM)2 (M = 1), kyg = 2kp1 , kg = 2(kro + k250°)

with k, K and M as in definition 8.
Proposition 11. The following inequalities hold:

||T - T1||oo < kr5a2

and
171120 < krg2® + kpac®

Proof. see appendix C.2
5 Main theorem
Definition 11. We define the following constants:
3k 3k
kn = 4V3KMTk. + (2 + KM) Tkys + <2 +(2V3 + 1)KM> kvt

kjo = 2V3KTks+ k(14 2M)+2KTM(M +1)

3k 3k
+ 5 Thyz + <kM + 4\/§KM> Thyy + <2 +(2V3+ 1)KM> ko2
K 2k
e KT _ "
ko = [e 1+ o (47 1) +2a]

ky = kj+kjyo

2%k sk
ke = \/2< "ﬂl+kr2+(M+1)2>

by = \/ 2 (2]“;”1 + ko2 +T2M2>

12

(57)



where:
-k, K, M, o and B are as in definition 8.
- kr1, kro, ky1 and kro are defined in definition 8
- kr3, kra and k5 are defined in definition 10.

Note that these constants depend only of k, K, M, «, 5, and the horizon T

Assumption 4.
a< P

— 2k
Theorem 2 (Main Theorem). Considering the nominal problem in section 2.1, let H(xz,u,p,t) its
Hamiltonian, and let J* = inf,, J(u) be its infimum cost.

Let ug a solution of the averaged problem described in section 2.2.4 with its trajectory xg. Such a
solution exists by assumption 1.

Let « be the small quantity defined in equation (25) and let B be the constant introduced in
assumption 3.

Let the set of constants (kj1,ky, ks, ky) introduced in definition 11.

Then, under the set of assumptions listed in section 4.1 and the assumption 4, the following inequalities
hold:

- the suboptimality of the real system commanded by ug is limited to:

J* < J(ug) < J* + kja? (60)

- any trajectory x of the nominal problem for a u better than ug (J(u) < J(ug)), is close to (xo,uo),
with:

kyo (61)
kyo (62)

[l = o]l

|u — ugl|2

IAINA

6 Proof of the main result

6.1 Proof Process

To prove the main theorem, we proceed the following way.

The section 6.2 is devoted to the search of a lower bound of any real cost J(u) of the nominal problem.
That lower bound contains two integral terms that do not depend on w, a term in 22 that is the only one
depending on u, and a term in o2, that dos not depend on u either.

The section 6.3 is devoted to the search of an upper bound of the real cost J(ug) of the nominal
problem controlled by ug. That upper bound contains the same two integral terms as in the lower bound
of J(u) and a term in a?.

Then the section 6.4.1 uses the assumption o < %’1 to obtain a lower bound of J(u) independent of u,
so that it is also a lower bound for J*. That lower bound is combined with the upper bound of J(ug) to
prove the suboptimality in a? of L(ug) stated in the equation (60) of the first part of the main theorem
2.

Then the section 6.4.1 uses the stronger assumption a < % to obtain, for any u better than ug, i.e.
so that J(u) < J(up), an upper bound of 22. With that bound of 22, upper bounds for ||z — x¢|/o and
||lu — ugl|2 are found in the equations (61) and (62) of the second part of the main theorem, with the help

of the definitions and bounds of r and v in section 4.3.
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6.2 Lower bound on the real cost of the nominal problem

6.2.1 Expansion of the real cost J(u)

Proposition 12. The cost J(u) = fOT L(z,u,t)dt for any command u € L[207T] expands the following way:

T
J(u):/ L(xg,uo,t dt—i—a/ HOxxldt—i—/ HP[Hy,up|(zo, po, t)Tdt
0

/ / / Moo (o0 1), po £)(50)2dNdpudt (63)

Proof. see appendix D. O

6.2.2 Lower Bound of the third term of the expansion of J(u) in equation (63)
Proposition 13. The following inequality holds:

T T
3k
| P w0 03d = o [ filfors + founldt - 5 (Th + ka)as? (64
0 0

k
— [2KTkT5 + k(1 +2M) + 5(?,(le + kyo) + 4T (1 + 2M)Ha| o?
Proof. See appendix E. O

6.2.3 Lower Bound of the fourth term of the expansion of J(u) in equation (63)
Proposition 14. The following inequality holds:

/ / / AH, o (p(\, 1), po, t)(60)2dNdudt > —2KM [TM + V32T kg + ko + T(M? 4 2))a| o
0
n [B — 2VBK M 2Tk + kvl)a} 2

dt (65)

T -
- T+ ox
+Oé/ P1 [y1,v1]) Hooo [ " ! ]
0

Proof. see appendix F. O

6.2.4 Bound in absolute value for the sum of the integral terms of the right hand sides of
equations (64) and (65)

Proposition 15. Let’s define R as the sum of the integral terms of the right hand sides of equations (64)
and (65):

T ~
R= Oé/ p~l |:f0xrl + fOuU + [ylavl] HOO'O’ |: " +vax1 :|:| dt
0
Then the following inequality holds:
|R| < KM[Tky3 + ky1] + [2KTM + (2KT Mk, + kT Mky,y + kMky)a]a? (66)

Proof. see appendix G. 0
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6.2.5 Lower Bound of the real cost J(u)

Lemma 1. A lower bound of the cost J(u) of the nominal system for any control u is given by:

T T
J(u) > / L(w(), uo, t)dt + Oé/ Hox.fldt + (5 - lea)z2 - kJQCMQ (67)
0 0

where ky1 and ko are defined in definition 11.

Proof. This is a consequence of equations (64), (65) and (66) O

6.3 Upper bound on the cost of the nominal system controlled by
6.3.1 Expansion of the cost J(ug)

Definition 12. Let 20 be the trajectory of the nominal problem controlled by wg. It is defined by the
dynamaics:

da® 0 0
E:f(:z ,uo,t) , °(0) = xo (68)
For that trajectory, we set the notations:
oz = 2% — i =062 — axy

P’ (A, 1) = o + Ap 620
Where (ug, zo) is the solution of the averaged problem and axy is I[f,xo,uo| (equation (32)).

Proposition 16. The cost J(ug) fo (20, ug, t)dt for the optimal command ug of the averaged problem
expands the following way:

T
J(up) —/ L(xo,uo,t dt—i—a/ Hoxxldt—i—/ HP[H,,u|(x0, po, t)2°dt
0
/ / / H oo (6°(\, 1), 0, po, )(62°)?dAdpudt (69)
Proof. 1t is a consequence of proposition 12 with u = ug, so that du = 0. O

6.3.2 Comparison of 2° and zg

Proposition 17. The following inequality hold for §z° = 2% — x¢:

6°] < (ekT - 1) (70)

Proof. As 620 = 20 — g, 2¥ follows the dynamics (68) and z follows the averaged dynamics (17), we
have the following integral equation:

6z’ = /Ot[f(azo,uo,t)—LP[f,uo](xo,t)]dt

_ /t[f(g;O,uo,t) _ f(:co,uojt)]dt—k/t[f(x07u0,t) — LP[f, uo] (0, £)]dt
0 0

Thus the following inequality holds:

t t
162% < | fs oo </ ]5x0|ds> T+ \I1F, 20, u0) (8)] < kT (/ \Mods) ta
0 0

Equation (70) follows from Gronwall lemma. O
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6.3.3 Upper Bound of the third term of the development of J(ug) (69)

Proposition 18. The following inequality holds:

T
k
/ H P[H,, ug)(x0, po, t)fcodt’ < <ekT -1+ 2a> o? (71)
0

Proof. By definition of 2°, we have

70 :xo—:po—aafl,

so that:

dz°
o = fleot §2°,uo, t) — LP[f, uq)(zo,t) + HP[f,uo) (o, t)
= f(xo+ 02", uo, t) — f(wo,u0,t)

Thus, by Taylor expansion of f(z° ug,t) with integral remainder, we have:

dz°

1 41
= fx(xo,uo,t)éxo —i—/o /0 Az (2o + /\u(éaro),uo,t)(éwo)2d)\du

Thus, thanks to proposition 17, we have:

dt

k
< (M —1)a+ §a2 (72)

But an integration by part, together with the fact that H P[H,, uo|(xo, po,t) = —addl;l and that 2°(0) =
p1(T) = 0 leads to:

T T d:%O
A ey (73)
Including equation (72) and the fact that ||p1]/c < 1 into equation (72) proves equation (71) O

6.3.4 Upper Bound of the fourth term of the development of J(ug) (69)

Proposition 19. The following inequality holds:

! ! 0 0\2 K kT 2 2
< — F

Proof. This is a consequence of the proposition 17. ]

6.3.5 Upper Bound of J(ug)
Inserting equations (71) and (74) into equation (69 leads to:

Lemma 2. An upper bound of the cost J(ug) of the nominal system controlled by ug is given by:

T T
J(ug) < / Lo, uo, t)dt + a / Hourdt + koo (75)
0 0
where kjo is defined in definition 11.

6.4 Proof of the main theorem

The main theorem is proved in two steps. The first step compares the costs to estimate the suboptimality
of the real system cotrolled by ug. The second step compares the trajectories and controls better than wug
to estimate how close they are from the trajectory and control dealed by ug.
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6.4.1 Comparison of the real cost controlled by 1y and the infimum cost of the real system

Let’s now use the assumption a < % of the first part of the Main Theorem 2 into the equation (67) of
Lemma 1. The term in 22 is then non negative, and we get the lower bound independent of u:

T T
J(u)Z/ L(xg,uo,t)dt—l—oz/ Hopa1dt — koo
0 0

As that lower bound holds for any w, it is also a lower bound for the infimum cost J* = inf,, J(u):

T T
J* > / L(xo,uo,t)dt+a/ Hy, 71 dt — k‘(]gOé2
0 0

so that:
T T
/ L(xo, ug, t)dt + Oé/ Ho,zdt < J* + kJQOéQ
0 0

Inserting this equation into the equation (75) of Lemma 2, together with the fact that J(ug) > J*, by
definition of J*, proves the suboptimality equation (60) in he Main Theorem 2, since k; = K jo + k2.
6.4.2 Comparison of the controls and trajectories with and without v = ug

Let’s consider a control u better than wug, i.e. such that J(u) < J(up).

Let’s now use in a stronger manner the assumption a < % of the second part of the Main Theorem

2 into the equation (67) of Lemma 1. The coefficient 22 is then lower than g, and we get the lower bound
dependent of 22, that depends on u:

T T
J(u) Z / L(J:‘(),’U,(),t)dt + Oé/ Hox.fldt + gzz — kJQOé2
0 0

Thus, together with the equation (75) of Lemma 2, we have the list of inequalities:
T T B
/ L(Z‘U,UQ,t)dt + Oé/ Hoxfldt + §Z2 - k]2a2 < J(u) < J(UO
0 0

T T
< / L(l‘o, ug, t)dt + « / Hozx1dt + k][)Oéz
0 0

So that, with the definition of k; = K ;9 + kj2, we have

2k

22 < —Jon (76)
g
On the other hand, by definition of r, we have:
xr—x0="1+a(T1+y1)
so that, together with the equation (55):
lz = 2oll% < 2 (|Irl3 +a®(1+ M)?) <2 (k12 + (krao(1 + M)?)a?)

Introducing equation (76) into that equation leads to equation (61) of the second part
of the Main Theorem 2.
Now let’s consider the fact that, by definition of v:

U— Uy = v+ avy

so that:
|u — )3 < 2 (||UH§ + a2T2M2) <2 (k:mz? + (kv2T2M)2oz2)

Introducing equation (76) into that equation leads to equation (62) of the second part
of the Main Theorem 2.
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7 Conclusion

We have shown that the method of averaging can be used very simply by performing averages of the
dynamics on adjacent intervals. Its efficiency, notably in optimal control, is measured by « and by the
convexity f of the cost function. Using o as a measure of the efficiency of averaging amounts to saying
that, from this point of view, the simple integrator acts as reference for all state space models. An
important point is that, provided that a < %, the estimates (60,61,62) in the main theorem 2 hold for
any system.

This method of averaging has been applied to the guidance of a low thrust satellite in the non keplerian
case [23]. In this case, we cannot use periodic averaging on orbits because of the influence of the sun and
of the moon, which have different periods.

A Proof of Proposition 2 about the upper bound of I[g, x¢](t)

I[g, zo](t) is defined by equation (11) and zg is the solution of the averaged ODE (9).
Let’s fix t and let K be so that ¢ € [tx,tx+1). Then we have:

K-1

Ilg. o](t) = ) Iilg, wol (tr+1) + Lxclg, o] (1) (77)
k+0

where I;]g, zo](7) is defined for 7 € [t;,t;41) as:

T 1 ti+1
Llgaol(r) = [ |ataols).9) = - [ glan(e).)do | ds

tj Jj+1 — t] t]'
We can develop the terms Iy[g, o] (tx+1) and Ik g, zo(t) in subtracting and adding the values at tj.

Ixlg, wol(tk41) = /tk+1 [Q(xo(tk,s)—i-1/tk+lg(x0(tk),a)da] ds

tk tk+1 - tk} ti

_|_/ o [g(xo(s),s) —g(xO(tk)as)]dS

173

—i—# /t k1 /t k+1[g($0(8),0) — g(z0(ty), 0)|dods

tpr1 — i

The first term is equal to 0.

The terms integrated once and twice in the second and third terms are both lower or equal to
Agllzo(s) — xo(tk|| because g is Lipschitz in x, with Lipschitz constant A,.

Moreover, because zg is the solution of the averaged ODE (9), we have:

[20(s) = o(trll < [|flloc(s — i)
Thus, we have:

lkt1
Tulg. 2] ()] < 221 lloe / (s — ty)ds
tg

That is: )
Il < 2811 () (78)
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Let’s now develop Ix[g, xo](t) in an analog way starting from ¢:

t 1 tr41
Ielg.l) = | [g<xo<tK,s>+ [ sttt 0)da | ds
tr tk+1 — UK Jig

+ / (9(z0(s), 5) — g(zoltx), s)]ds

i

+1/t /tK+1[g({L‘0(S),U) —g(xo(tK),U)]dO'dS

tk+1 — UK

The first term is not 0 here, but it is lower or equal to 2||g||oc %, and the other terms are bounded as the

ones of Ix[g, zo](tk+1)-

Thus we have:
T

2
L0201 < gy + 201 () (79)

Finally, because K + 1 < N, the inequations (78) and (79) yield to the proposition 2.

B Proof of the stationarity condition of the averaged problem

B.1 Averaged two boundaries problem

Let ug be the optimal control of the averaged problem (16) and let zp be the corresponding trajectory. zg
is defined by the ODE with initial condition (17). Let pg be the costate of the optimal trajectory, defined
by the ODE with final condition (19), with H the hamiltonian (18).

The system constituted of the of equations (17) and (19) is a two boundaries problem. It is defined
as the two boundaries problem corresponding to the averaged optimal control problem.

B.2 First variation in the direction of du

Let du € L[20 7 @ scalar square integrable function on [0,T7].
Let € > 0 and let u. = ug + edu the variation of ug in the direction of du.
As Jo(up) = miny, (Jo(u), the following stationarity condition holds:

Ao (ue
VéuEL%O’TP( g(eu )> —0 (80)
e=0

Let x. be the trajectory corresponding to u., defined by the dynamics equation 16 with v = u.:

dz.
dt

= LP[f, ue](xevt> ; 2e(0) = &o (81)

Let dx be the variation trajectory corresponding to the direction du given by dx = (dfg )620.
Lemma 3. §x respects the following dynamics function:

d(ox)
dt

d(6z) d [dux. d du. d
=2 (£ = (ZLp
at dt ( de )620 (de dt )620 (de f o +€5“’](x“t>>620

0 0
=LP [ai,uo} (xo,t)0x + LP [aidu, uo] (xo,t) (82)

Proof.
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Let k be so that [tg,txy1)). Then:

d(jf) - (jﬁ (1+ / tkﬂf(a:e(t),uo(s)+e(5u(s),s)ds>)ezo

lev1 —te  Jy,

_ 1_|_/tk+1 d (f(ze(t), uo(s) + €du(s), s))._,ds

le+1 — Tk X de
1 tetr (O f of
= i /tk ((%(900(1:),%(5),5536(15) + au(fL‘O(t),uo(s),s(SU(S)) ds
of of
LP [&T,uo] (xo,t)0x + LP [%5%”0} (x0,1)
O
B.3 Proof of the stationarity result
Let’s make use of Equation (80) in developing (d‘]%li(:é)> » for a given du.

Lemma 4. The derivative at 0 of Jo(ue) in € is related to the hamiltonian by the following equation:

dJo(ue r OH
(21(6“))60 :/o LpP [8“5%%} (20, po, t)dt (83)

Proof. Let’s use the equation (15) and then commute the differentiation and integration:

<CU21(:6)>60 _ (je [ /0 ! LP[L,uE](:L‘E,t)dt]>€O _ /0 ' (;ﬁ [LP[L,uG](a:E,t)])EO dt

For any k € [0, N — 1] and for any ¢ € [tg,tx+1), we have the definition (14) of LP:
1 te+1
LP[L,ue](xe, t) = / L(xc(t),uc(s),s)ds
le+1 — i Jy,
Thus if we commute again the integration and the differentiation:

(Feradean) -t [ () g,

e=0 tk+1 — g tr

But by definition of x., ue, 6z and du, we have:

(dL(””E(t)d’E“f(s)’ 3)>6_0 = gi(xo(t), uo(s), 5)8(t) + gi(mo(t},uo(s), 5)ul(s)

Thus by averaging on [tg, tx+1], the result is (LP is linear):

=LP |—,uo| (zo(t),t)ox iéu,uo (z0(1),1)
L {aL }u@)m (t)ﬂp[ L ]

<j€ [LP[L,uo](xe,t)D o Ou

e=0

But because of the dynamics (19) of the averaged costate pg, we have, with the definition (18) of the
Hamiltonian:

LP {g%o} (wot), 1) = 0 _ porp [gfuo} con,

Thus integrating (4 [LP[L, uo](x., t)])._, between 0 and T, we obtain:
o)) [T g, [T [0 I
“ae ) T Ta LpP |- LP| %= 4
( de )620 ) di ox ; Do 9z 10 (xo(t), t)ox(t)dt+ ; 8u5u,uo (xo(t),t)dt (84)

20



Let’s make an integration by part for the first term of that equation:

T dp T T d(6x)

The variation of ppdz between 0 and 7" is null because dx(0) = 0 and po(7") = 0. Thus, with the dynamics
of dx given by the Lemma 3, the following holds:

T T T
dpo of of
———dr = LP | — t)ox(t)dt LP|—=¢ t)dt
| == [“mep |3 o) Gt + [ wrp | Gou | @
Let’s insert this equation in the first term of equation (84).It results in:

T
<dJ(Zi(euE)>€0 — /0 [LP [giéu,uo} (zo,t) + poL P [giéu,%} (550,75)] dt

This proves the equation (83) by definition of the Hamiltonian. O

Let’s now make use of equation (83). Let’s first fix ¢ and let k be so that t € [T, tx+1). Then we have:

OH 1 1 OH
LP|—¢ ) = ——— —_— t t),t)0 d
[au u, uo] (20, po,t) — /tk 5y, (@0(t), uo(s), po(?), t)du(s)ds
Let’s specialize du as a “needle variation”:
U1 — tk
ou = +T1[t,t+n] o

with 7 > 0 so that ¢t + 7 < t;4; and év € L[207T].
Then we have:

t+ a.e.
Lp [%Zau,uo] <xo,po,t>=j] / "I o), w0(s). po(1), 000(8)ds — T (1), (1), po(1), ) (1)
t n— 0

More precisely, the limit is the value of the function at ¢ everywhere the function is continue, that is for
any t possibly except for a countable number of “jumps”. As any countable set is negligible, the limit
holds almost everywhere.

Thus, because of the equations (80) and (83), we have:

T
O (o), wo(t), po(t), 130(1) = 0

0
and this is true for any dv € L[20 AR This proves the stationnarity result:
OH
%(azo(t), uo(t),po(t),t) =0 a.e.

C Proof of the inequalities on r, v, r — r; and r

C.1 Proof of proposition 10
C.1.1 Upper bound for r

Proposition 20. The dynamics of r is the following:

d
d—; = fr+zo+ a(z1 +y1),v+ ug + avi,t) — f(xo + (1 + y1),uo + av, t) (85)
Lol - ity ]
—|—a2/ / )\fw(a:o—l—)\ua(m+y1,v+uo+av1,t)[ lvl 1] dX\du
o Jo
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Proof. By definition of r and v, we have:

r=x—x9—a(f1+y1), sothat: x=r+x9+ a(f;+y1)

v=u—uy—vy, Sothat: u=uv-+uy+ vy

Moreover:

dr dx  dxg dzy @

dt at  dt “ar Yt
= f(r+zo+ a(@1 +y1),v+ug +vi,t) — LP[f, uo|(zo, 1)

—HP[f,u](xo,t) — a[for(yl + 21) + fouvi]
= f(r+wzo+a(@1 +y1),v+uo +wv1,t) — f(zo,uo, ) (86)
_a[fOx(yl + 551) + fOuvl]

But a Taylor expansion of f(xg+ a(z1 + y1), up + avy, t) is so:

f(wo (21 4+ y1), uo + avi, t) = f(xo,uo,t) + affor(y1 + 21) + fouv1] (87)
1 1 _ 2
—i—a2/ / Moo(xo + Mpa(z1 + y1,v + ug + avy, t) [ 11312;1/1 ] dX\dp
o Jo

Introducing equation (87) in equation (86) proves equation (85). O

Proposition 21. The following inequality holds:

7|00 < k‘ek<1+%) [\/T||Z(>\,u)||2 +T <;{ + %((1 + 2M)2a> a] (88)

Proof. Equation (40) about the upper bound of f,, leads to:

ﬁAm+wmnm4yh»+w+am¢>[ k(11 + 1] + o))

U1

. 2
w1+y1] ‘ <
< k()% + lyi| + i ])?

Hence: )
xlj g ] < k(1 +2M)? (89)
1

foo(xo + Apa(xy + y1,v + ug + avy, t) [

Moreover, the function f is Lipschitz in x and w with Lipschitz constant the bound of the derivatives k,
so that:

|f(r + 20 + (@1 +y1), v +uo + avy, t) — f(xo + (@1 + y1), uo + avi, t)| < k(|r| + |v]) (90)

The equations (89) and (90) in the equation (85) give, together with the fact that r(0) = 0 the following
inequality:

! kT
O < [ ()] + ols)ds + 5201 + 127 (o)
0
But by definition of Z[A, u], we have:

v = Z\ p] = [Hyt Hual (p(X 1), po, ) (r + ) (92)

so that:
[0()] <121\ 1) ()] + [ H g oo [ Husz [l oo ([ () + @ #1(5)])
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But the assumption 3 proves that H,, is invertible and that H,! is bounded by %, so that:

W@NSMMM®N+§W@M+®

Including equation(93) in equation (91) leads to:

t T
|Mm§k<b+g>Aﬂd$mh+7?h+%g@M+iﬁﬁ+kA |Z[\, 1) (2)| |t

But Cauchy property leads to:
T
| 1z moliae < VEIZOL il
Including equation (95) in equation (94) lead to:
K\ [ K 1 5
r()] <k(1+ 3 (Jr(s))ds + kNT|| Z(A, ) ||2 + kT 5T 5 (M +1)%| a
0
Equation (96), together with Gronwall lemma, proves equation (88).

Proof of Equation (55) Let’s take the square of equation (88):

K
Ir2, < 2x2e* (4 5)

82

2 o (K1 2 ? 2
TNIZANws+T° | =+ (1+2M)°a| «
Let’s now multiply by A and integrate relatively to A and p between 0 and 1:

1 K
I, < 26262 ()

1, (K 1 2
T2 + 5T2 (5 + 51+ 2M)2a) oP]
Multiplying by 2 that equation proves Equation (55).
C.1.2 Upper bound for v

Let’s apply the triangular inequality for the Lo norm to the expression of v (92):

[vlla < 1 Z [\, plll2 + [ Hy! Huzl (p(X, 1), p0, 1) (r + a2
But:
KT

(93)

(94)

I[H Hual (p(\s 1), 90, ) (r + ot |l < VT [He! Hual (p(A, 1), p0s 8) (7 + @i )| < =2 (I[7]|oo + |1 ]| 0)

- B
Thus, taking the squares:
K*T
32
Let’s multiply by A and integrate relatively to A and p between 0 and 1:

\wﬁsshmmmm+ uw&+aw@ﬁﬂ

K2T
232

Multiplying by 2 that equation proves Equation (56).

1 K?Tk K?T
ﬂwk3k+ Tv2+

i+ o] <3| (14 5507 ) 24 G

(1+ krz)oﬂ]
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C.2 Proof of proposition 11

r follows the dynamic (85) with 7(0) = 0 and r; follows the dynamic (57).
Thus r — rq follows the dynamics:

d(r—rmr1)

p = fr+zo+a(z1 +y1),v+ up + avi,t) — f(r1 + x0 + (g1 + y1),v + up + avy, t)

1+ Y1

2
N } d\dp

1 el
+a2/ / Moo(xo + Apa(z1 + y1,v + up + avy, t) [
o Jo

Thus, in a similar way than for the upper bound of r, the following inequality holds:
! kT
[r(t) —ri(t)| < k/ Ir(s) —ri(s)|ds + 7(2M +1)%a?
0

The equation (58) follows from Gronwall lemma.
The equation (59) is then the consequence of equations (55) and (58), together with:

IrliZe < 2lrl% + Nl = r1l1%)

D Proof of the expansion of the real cost (proposition 12)

Proposition 22. L(z,u,t) expands the following way:

1 1
L(z,u,t) = L(z0,u0,t) + Lz(x0, uo,t)0x + Ly (w0, uo, t)0u + / / ALoo(p(A, 1), 1) (60)*dAdp
0 0

Proof. 1t is a Taylor expansion of L(x,u,t) with integral remainder.

Proposition 23. The dynamics % of & expands the following way:

dz

1 1
E = fx(anUOat)éx—i_fu(x07u07t)6u+/0 /0' )\fao(p()\au)7t)(5a)2d)‘du

Proof. By definition of &, we have

=

= —x0— QTq,

so that:

— = f(zo+ 0x,up + du,t) — LP[f,up|(xo,t) + HP[f,up](zo,1)
= f(zo+ 6z, up + du,t) — f(zo,uo,t)

The equation (98) follows by Taylor expansion of f(z,u,t) with integral remainder.

Proposition 24. L(x,u,t)) rewrites the following way:

d~ 1 1
L, ,1) = Lz, u0,£) + Hoa(F + 1) — po'py + / / Moo (p(\, 1), p0r £) (50)2dAdps
0 0

Proof. We have the following identities:
ox =2 + Oé.f1

and:
Ly (zo,u0,t) = Hox — pofz(xo, uo, t)
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Moreover, because of the stationary condition of the averaged problem, we have:
Lu(wo, uo0,t) = —po fu(xo, uo, 1)
Finally we change the integral remainder of the expansion of L(x,u,t) in equation (97) with:
oo (P(X, 1), 1) = Hoo (p(A; 1), D0, ) = P0foo (p(A, 1), 1)
Thus equation (97) leads to:

L(z,u,t) = L(xzo,up, t + Hox (T + ax1) — po [fz (0, w0, t) + fulzo, uo,t)

/ / Moo (p(\ 1), )](50)2d)\dﬂ]+ /0 / oo (p( ). 0, 8) (60 dAd

Inserting equation (98) in this equation proves proposition 24. O

Proposition 25. The following equality holds:

T di T
/ —po——dt = —/ LP[H, uo|(xo,t)zdt (100)
0 dt 0

Proof. Let’s make an integration by part:

T - T
dz - dpo .

— dt = L 2 Fdt
/0 Po —[po]y +/0 P

This leads to the equation (100) because Z(0) = 0, po(T) = 0 and:

d
% = —LP[H,, ug)(x0, t)
t
O
Now inserting the equation (100) in the equation (99) integrated between 0 and 7" leads to equation
(63), which ends the proof of proposition 12.

E Proof of the lower bound of the third term (Proposition 13)
Proposition 26. The following inequality holds:

d
/ HP[H,, uo)(z0, po, )7dt > —(2KTky5 + k(1 + 2M))a? —|—a/ plﬁdt (101)
0

Proof. By definition of r, we have:
t=r+ay=(r—r1)+(r1+ay)

So that
T T T

/ HP[Hm,uo](xo,po,t)i‘dt:/ HP[Hw,uO](xo,po,t)(Y’—T1)dt+/ HP[Hz,Uo](xo,po,t)(T1+ay1)dt
0 0 0

But because of equation (58), we have

T
/ HP[H,,u|(x0, po, t)(r — r1)dt| < T||HP[Hy, ug)||eckrsa® < 2KTk,50°
0
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Moreover, by definition of api, we have:

dpy

HP[H,,upl(zo,po,t) = fozﬁ(t)
So that the following inequality holds:
T - 2 Tdpy ,
HP[H,,up|(zo, po, t)Zdt > —2KTky50° — « E(xl + ayp)dt
0 0

If we make an integration by part and use the fact that p1(7") = #1(0) = y1(0) = 0, we get:

T N 2 T (da& dy1
HP[Hg,up|(xo,po, t)Zdt > —2KTky50° + « p1| —— +ta——|dt
) 0 dt dt

y1 follows the dynamics (51) and ||p1||cc < 1, so that:

T
d i
a2/0 plé/tldt‘ < k(g1 + 1 lloo + 01]loo < K(2M +1)a?

So that the inequality (101) is proved. O

Proposition 27. The dynamics of 71 expands the following way:

dr
CT; = [fozT1 + fouv]
b . 1+ a(@ + y1) ?
+/ / )\fag(a:0+)\u(r1+a(:c1+y1)),uo+)\,u(v+av1),t)[ d\dp
o Jo v+ avg
> (11 - @ty ]
—a / / /\fgg(xo—i-)\ua(:cl+y1),uo+/\,u,avl,t)[ v }d)\d,u (102)
0o Jo

Proof. The dynamics of r 71 (equation (57)) is the difference between the quantities
flr14+ 2o+ alxy +y1), v+ ug + avy, t) and f(xo + alz1 + y1, uo + avy, t).
Let’s make the Taylor expansions of these quantities at (zg, uo):

fri+x0 + a(zi+y1),v+uy+ avr,t)
= f(.’I,'O,’U,(),t)
+ fox(r1 + a(z1 + 1)) + fou(v + avy)

1 1 - 2
+/ / Moo (o + Ap(ry + a(z1 + y1)), uo + Au(v + avy), t) i+ o(@ + ) dX\du
0 Jo v+ av
and
flxo + alz1+y1),uo+ avy,t)
= f(xO)u())t)
+afor (21 4+ y1)) + fouvi]
, [t i ity 1
+a / / Afao($0+)‘ﬂa(xl+y1)7u0+)\ﬂavlut)|: o } dAdp
o Jo

The simplifications between the two expansions while we take their differences gives the dynamics of rq
(102). O]
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The consequence of that dynamics expansion is that:

T ~ d’l“l T ~
a/ PlEdt = a/ pilfoxr1 + fouv]dt
0 0

1+ (T + 1)
U+ avp

T 11 2
+Oé/ P1 / / Moo (o + Ap(r + a(@1 + y1)), uo + Au(v + avy), t) [ ] d\dp| dt
0 o Jo

+ 0

T 1,1 ~ 2
—a?’/ 1 [/ / Moo (o + Apa(21 + y1), uo + Apaw, t) [ 961v ] dX\dp | dt (103)
0 0o Jo 1

Proposition 28. Let’s define the terms:

r1+ a1 +y1)
v+ v

T 1 1 2
R = a/ 1 [/ / Moo (o + Ap(ry + a(@1 + y1)), up + (v + avy), t) [ ] d)\d,u] dt
0 0 0

and

T 1 1 ~ 2
Ry = o / i [ / / /\faa(950+)\ua(951+y1),uo+)\ua’01,t)[xl; yl] d/\du] dt
0 0 0

Then the following inequalities hold:

3k
|Ry| < ?[(k;rg:r’ + Ept]az? + [(kpaT + koo + T(1 + 2M)% 03 (104)

and T
|Ry| < ?(1 +2M)%a? (105)

Proof. Equation (40) about the upper bound of f,, leads to:

_ 2
- r1 +alxy + -
Joo(zo + Apa(@1 + y1), uo + Apowr, t) [ ! v+(alvl n } ‘ < 3k[|r1 + aF1 +y1)| + v + avy|]?
< 3k[|r1| + |v] + al|Z1 + y1| + o1 ])]?
< 3k[r 4+ v + a(|d1 + | + [n])?]

Thus, together with the fact that p; < 1, we have:

3ka

B < 2+ ol + a?T(2M + 17
3ka

Bl < 2l + ol + a*T(2M + 1))

Equations (59) and (56) then lead to equation (104).
Equation (40) about the upper bound of f,, leads also to:

~ 2
”*“”*“} < k(& 4y + Jn)® < k(L + 2M)°

U+ avqp

foo(xo + Apa(@1 + Y1), uo + Apowr, t) [

That proves equation (105) by triple integration and multiplication by 3. O
The equations (104) and (105) included in equation (105) (103) lead to:

T ~ dT‘l T ~
04/ p1——dt = a/ pi[foxr1 + fouv]dt
0 0

dt
3k 2 k 21.3
— 5 (keaT o+ ko) Maz® — Z[3(knaT + kuz) +4T(1 + 2M)?Ja

Introducing that equation into equation (101) leads to equation (64) and thus the proposition 13.
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F Proof of the lower bound of the fourth term (Proposition 14)

Proposition 29. The following inequality holds:

T 1,1

/ / / AH, o (p(\, 1), po, ) (60)2dNdpdt > —2KTM?a?* + 522 (106)
o Jo Jo

T 1 p1 ~
—|—2a/ / / Ay1, v1] Heo (p(A, 1), pot) [ r —|—vaa:1 } d\dpdt
0 0 0

Proof. Let’s use the fact that:
do = [r%—am ] —I-oz[yl ]
v (%1

to expand Hoq(p(A, 1), po, t)(d0):

’I"+O£$~1

2 2
HJU(P()\,M),pQ,t)((SO')Z = HUU(p()V:u')?pO,t) |: :| +042Haa(ﬂ()\au)ap0,t) |: :"lﬁ :|

+2alyn, 0 Hoo o) port) | 7] (107

The second term is easily upper bounded in absolute value (equation (41) about the upper bound of H,):

2
‘Haa(p(%u),po,t) [ gi ] < K(|ly1| + o1 |)? < 4K M?

[ [ o[ 2]

To upper bound the first term, let’s expand it in its components:

so that:
d\dpdt < 2KTM? (108)

= Hl“ﬁ(p()‘v :u)apov t)(T’ + afl)Q + 2(7" + afl)qu(p()‘a //J)ap[)a t)’U

+Houu(p(\, 1), po, t)v? (109)

r—l—ax] :|2

HoolpOupmet) |

Now let’s use the definition of Z[\, u)(t) = v + [H .  Huz](p(A, 1), po, ) (r + a1 to expand the terms in v
and v%:

2(r + az1)Hau(p(X, 1), po, )v = 2(r + a@1) Hau(p(A, ), po, 1) Z (A, 1]
_2[Hu$HJulHIU] (p(A\, 1), po, t)(r + 04551)2 (110)

and

Huu(p(Av N)apm t)v2 = Huu(p(A, H)ﬂpov t)Z[/\a :u]2
+[HU$HJu1HxU](p(A7N)ap()?t)(r+a‘fl)Q (111)
_Q(T + Olffl)qu(,O()\, M)?p(h t)Z[Av M]

Introducing equations (110) and (111) in equation (109) leads to:

~ 2
r+az - .
1 } = [Hea — HUJEHuulHIU](p()‘7 1), po, 1) (r + i)

HooloOupmet) |

+HuuZ[)‘a MF
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Because of assumption 3 on the convexity, this proves that:

. 12
r+ ax
Hgo(p(k,u),po,t)[ . 1] > BZA, u)?
so that:

T 1 1 ~ 2
/O /0 /0 Hw<p(A,u>,po,t>[”fﬂ dXdpdt > 32 (112)

Including equations (113) and (108) into equation (107) leads to equation (106). O

Proposition 30. Let’s denote:

sw=20 [ [ [ N0l oo o). p00) =~ Haalan, ][ 7 0% |

Then the following bound holds:

<3 [0 25+ (o o Tt )]
Proof. Let’s expand [y, v1] [Hoo (p(A, 1), Pot) Hoo (wo, )] [ r—l—va.fl } into its coordinates:
1008] o o0 ) 00 H i, ) | 7550 | = o0 ) ) = i 0]+ )
P H (o). pof) — Hoalwg, 8]0 (114)
0r[Fn (o0 ). pof) — H (w0, ] + )
+v1 [Huu( ()\,M)apot) - Huu(w07t)]

But the second derivatives of H(x,u,po,t) are Lipschitz in (z,u) of Lipschitz constant K because the
third derivatives of H (z,u, po,t) are bounded by K. Thus with the definition of p(\, 1) and wy, equation
(114) leads to:

[y1, 1) [Hoo(p(, 1), pot) Hoo (w0, 1)] [ T+ o H

v

< MK/ (r + ad1)? + a2yl r + adi| + [yl [o] + ol e + it + [oa] o]
< K\/(r +a)? +a2M?22M(|r| + «) + 2M |v))

< AMEKN/2r2 + 202 + M202+/3(r2 + v2 + o2)

<2MKV3 (2 4+ 02 + (M? + 2)0?)

Thus, with a triple integration after multiplication by A, we get:
T
[l < V3K Ma Tl + 5 ol + (01 + 2]
Then, using equations (55) and (56) lead to equation (113). O

Applying propositions 29 and 30 lead to:
T 1 1
/ / / AH, o (p(\, 1), po, t)(60)2dAdpdt > —2KM [TM +V3(2Tkpa + kyo + T(M? + 2))04} o?
n [5 V3K M (2T + km)a} 22

orlorl r 4+ o
+2c Aly1, v1] Hoo (w0, t) dAdudt
o Jo Jo v

That proves proposition 14 because Hyye = Hyo(wo,t) does not depend on A and u.
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G Proof of Bound in absolute value for the sum of the integral terms
of the right hand sides of equations (64) and (65)

Thanks to the fact that r + a1 = 1 + ((r — r1) + a21), we have R = R3 + R4, where R3 and Ry are
defined as:

T
R3 = Oé/ P1 [fo;cﬁ + fouv + [y1,v1] Hooo [ :}1 ” dt
0
and
T r1 + oy
R4 = a/ [yl,vl] HOJU |: 0 :| dt
0

Proposition 31. The following inequality holds:

|Rs| < kM ((Tkyg + kyp1)az” + (Tkrs + ku2)”) (115)
Proof. Let’s develop [y1,v1] Hogo { :}1 ] into coordinates:

r

[y17 Ul] Hooo |: Ul :| = Hozey1m1 + Houzy1v + Hozyv1m1 + Hoyu 010

so that:

~ T
21 {focﬂ’l + fouv + [y1,v1] Hooo [ Ul ”
= (fD:cp~1 + Hogzy1 + HOxuUl)rl + (fOup~1 + Houzy1 + HOuuvl)U

Now let’s use the costate dynamics (54) of the auxiliary problem, together with its stationarity con-
dition (53). Then we get:

d

D1 |:me7"1 + fouv + [y1,v1] Hooo [ :}1 ” = —%7‘1 — q1 [fox™1 + fouV]

An integration by parts, together with the fact that 71(0) = ¢1(T") = 0 leads to:

T
R3 = 04/0 @ <ddrt1 — [foar1 + f0uv])

But r; follows the dynamics (57), so that a Taylor expansion of f(r1 + xo + a(Z1 + y1),v + up + vy, t)
at (zo + a(@1 + y1), uo + avy) leads to:

dT‘l

1 1 2
<dt — [foar1 + fouv]> = / / Moo (o + a(Z1 4+ y1) + Apr, up + avy + Auw, t) { :}1 ] dM\dp
o Jo

so that, thanks to equation (40) about the bound of f,,:

dr 1
Q1 <dt1 — [fozr1 + fouv]>’ < ikM(\rl\ 4 M)Q < k;M(r% +v2)

An integration on [0, 7] and a multiplication by « leads to
|Rs| < kM (T ||r1l3 + [|v]13)

That equation, together with the bounds on 71 (59) and v (56) lead to equation (115). O
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Proposition 32. The following inequality holds:

Proof. Let’s develop [y1,v1] Hoso {

|Ry| < 2KTM(1 + kysa)0? (116)

r X . .
! +0 ! } into coordinates:

r1 + QT p
[yl,vl] Hoso |: ! 0 ! :| = (HOxxyl + HOuuvl) ((T - Tl) =+ aml)

Thus, thanks to the bound on r — r; (58), its absolute value can be bounded:

r1 + axy
0

[y1,v1] Hooo [ ] ' <2KM(||r = r1|loo + @) < 2K M (kp50® 4+ o) < 2KM (1 + kps0)a

An integration between 0 and 7" and a multiplication by « lead to equation (116). O

Proof of equation (66) This is a consequence of equations (115) and (116), together with the fact
that R = R3 + Ry.

References

1]
2]

3]

V. I. Arnold. Mathematical Methods of Classical Mechanics. Springer-Verlag, 1978.

V. I. Arnold. Geometrical Methods in the Theory o f Ordinary Differential Equations. Springer-
Verlag, 1983.

M. Balachandra. An averaging theorem for two-point boundary value problems with applications to
optimal control. Journal of Mathematical Analysis and Applications, 55:46—60, 1976.

E. N. Barron. Averaging in lagrange and minimax problems of optimal control. STAM Journal on
Control and Optimization, 31(6):1630-1652, November 1993.

Jean-Baptiste Caillau Bernard Bonnard and Romain Dujol. Averaging and optimal control of elliptic
keplerian orbits with low propulsion. Systems and Control Letters, 55:755-760, 2006.

Jean-Baptiste Caillau Bernard Bonnard and Romain Dujol. Energy minimization of single input
orbit transfer by averaging and continuation. Bull. Sci. math., 130:707-719, 2006.

Bernard Bonnard and Jean-Baptiste Caillau. Riemannian metric of the averaged energy minimization
problem in orbital transfer with low thrust. Ann. Inst. H. Poincaré, Analyse non linéaire, 24:395-411,
2007.

Francois Chaplais. Averaging and deterministic optimal control. SIAM Journal on Control and
Optimization, 25(3):767-780, May 1986.

A. Cohen, I. Daubechies, and P. Vial. Wavelet bases on the interval and fast algorithms. J. of Appl.
and Comput. Harmonic Analysis, 1:54-81, 1993.

Ch. Ferrier and R. Epenoy. Optimal control for engines with electro-ionic propulsion under constraint
of eclipse. Acta Astronautica, 48(4):181-192, 2001.

Luke Finlay, Vladimir Gaitsgory, , and Ivan Lebedev. Duality in linear programming problems
related to deterministic long run average problems of optimal control. SIAM Journal on Control and
Optimization, 47(4):1667-1700, 2008.

31



[12]

[13]

[14]

[22]

23]

Luke Finlay, Vladimir Gaitsgory, and Ivan Lebedev. Duality in linear programming problems related
to deterministic long run average problems of optimal control with applications to periodic optimiza-
tion. In Proc. of the Joint 48th IEEE Conference on Decision and Control and 28th Chinese Control
Conference, pages 1207-1211, 2009.

Vladimir Gaitsgory and Sergey Rossomakhine. Linear programming approach to deterministic long
run average problems of optimal control. SIAM Journal on Control and Optimization, 44(6):2006—
2037, 2006.

Vladimir Gaitsgory and Sergey Rossomakhine. Occupational measures formulation and linear pro-
gramming solution of deterministic long run average problems of optimal control. In Proceedings of
the 45th IEEE Conference on Decision and Control, pages 5012-5017, 2006.

Sophie Geffroy and Richard Epenoy. Optimal low-thrust transfers with constraints-generalization of
averaging techniques. Acta Astronautica, 41(3):133-149, 1997.

Onésimo Herndndez-Lerma and Jean B. Lasserre. Average cost optimal policies for markov control
processes with borel state space and unbounded costs. Systems and Control Letters, 15:349-356,
1990.

H. Poincaré. Les méthodes nouvelles de la mécanique céleste. Gauthier-Villars, 1892.

J.A. Sanders and F. Verhulst. Averaging Methods in Nonlinear Dynamical Systems. Springer-Verlag,
1985.

G. Strang and G. Fix. A Fourier analysis of the finite element variational method. Construct. Aspects
of Funct. Anal., pages 796-830, 1971.

Ching-Chih Tsai and Abraham H. Haddad. Averaging, aggregation and optimal control of stochas-
tic hybrid systems with singularly perturbed morkovian switching behavior. In Proceedings of the
American Conference 1994, pages 1868—-1872, 1994.

Panagiotis Tsiotras, Francois Chaplais, and Dongwon Jung. Redundant wavelet processing on the
half-axis with applications to signal denoising with small delays: Theory and experiments. Interna-
tional Journal on Adaptive Control and Signal Processing, 20(9):447 — 474, 2006.

Alessandro N. Vargas and Joao B. R. do Val. Average optimal stationary policies: convexity and con-
vergence conditions in linear stochastic control systems. In Proc. of the joint 48th IEEE Conference
on Decision and Control and 28th Chinese Control Conference, pages 3388-3393, 2009.

Somaya Goumri. Transfert orbital d’un engin a faible poussée.

http://cas.ensmp.fr/resources/RapportStage_SomayaGoumri.pdf

32



