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ABSTRACT: Major solutionsneededin frlcture analysisare (d) simpleand accuratematedal
characterizationand (ô) easytransferringof malerial data lo crackedstructures.ln !h€ proposed methodology.constitutiverelationships.including cavity growth and coalescence,
are
used.Material characterizationis basedon the simple notchedtensionlest. Severalstructural
steelshave been characterized.especially4508 steel. and the direct transferringof material
data hâs been demonstratedwilh testson circumf€rentiallycrackedtensionspecimens.
In addition. the extrapolationof material data io different inclusionconl€nls and temperatureswas attempted,with favorabl€rcsults for the first factor through a specificparameter
of the model. Th€ temperaturedcpendenceof 4508 steel ductiliiy is related to an inverle
strain rale effect on the flow curv€: the modelingof this effect givesencoùragingresults,but
it must be refined to producc an effecliveprediction.
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Some of the major problems engineershave to cope with in fracture analysisare the
following:
(a) materialcharacterization,
that is. the generationof adequatedata from specimen
testing,and
(ô) the transferringof fracture mechanicsdata (o the struclural analysisof components.
As a mattcr of fact, the generationof matedal data can be money and time consuming:
for example,the determination
ofJ-Ad resistance
curvesis still a toilsometask,thoughsome
progresswas gained with partial unloadingcornpliancemethods.Frequently, existing material data do not correspondto the specificapplication(in referenceto temperature,strain
rate, irradiation.aging,and so forth), and hazardous
extrapolations
are necessary.
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On the other hand, the transferringof ftacture mechanicsdata to industrial components
may be questionable,especiallyif complexsituationsare involved, including heterogeneous
materials,residualstresses,thermomechanicalloadings,historicaleffects,or othel factors.
A local approachof ftacture is particularly suited to solvingthese two difficulties lt can
be defined very generallyas a combinationof the following:
(a) the computation of local stressand strain in the most loaded parls of a component
or a structureand
(b) physicalfracture modelscoresponding to variousmechanisms:cleavage,duclile fracture, creep, and so forlh.
Actually, the generationof material data is simple in a local approach1o fracture The
applicationof a local approach1o ftacture in complex structural situationsis direct, as is
shôwn in the accompanyingpaper by Devaux et al. Ul' and the progressof numerical
analysissoftware and hardware makes the computationalcost a less and less significant
consideration.
The presentpaperdealsonly with ductilefracture.The developmentof a new methodology
for duciile fracturc analysiswasunderlakena few yearsagoin a cooperativeprogrambetween
El€ctricité de France and Framatome; this methodology is based on a local approach to
fracture and damagemechanics.The paper focuseson material characterization,de ving
from the very simple notched lension test (a) tbe ductile ftacture model and parameters
calibrationand (ô) the prcdiclion of the inclusioncontent and temperatureeffectson ductile
fracture properties. In addition, the abilily of the model to predict crack initiation and
growth in a structureis briefly presentedin the last sectionof this paper'

the Ductile Frâcture Model-Parameten

Calibration

of cavities.The case
Ductile ftacture resultsfrom the formation, growth, and coalescence
of intergranularcavities,which correspondsmore specificallyto creep damage,is not consideredhere.
In a loca| approachto ductile fractule, a damagevariable is introduced. This variable is
computed at évery point on the structure. Its evolution is a function of local stressesand
strains.For exampl;, if isotropic cavity growth only is considered'the damagevariable can
be the equivaleni cavity radius R; its evolution can be given by th€ well-known equation
by Rice and Tracey

(ft)
fi: o."r,r"-o

(1)

where o,, = o,,/3 is the mean hydrostaticstress,and o.,r and è€qare the equivalentstress
can
and plasticstrain rate, respectively.Then, a very simple criterion for cavity coalescenc€
be fÀrmulated:it is basedon the assumptionof a c tical cavity growth (À/R0).' where À0
is the initial cavity radius. This criterion hasbeen widely usedin local approachto ftacture

11,21.
'

In the proposedmethodologya somewhatdifferent formulation is used The model refers
to the b;sic assumptionsof "continuum damagemechanics,"that is, the damagevariable
is includedin the constitutiverelalionshipsof the material; there is no conceptualdifference
betweenthe hardeningva able related to plastic delormation and the damagevariable
The constitutiverelationshipsare derived from a plastic potential F, and yield criterion
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F - 0, with the normalityrule [J,41.The functionF is

r(a,p,Ê): a* - R(p) + r1p;o *p (:.)

(2)

where D and or are constants,p is the hardeningvariable (the cumulatedplastic strain if
È : é3q),and p is the damageva able. p is defined in the APpendix bY Ê = û/u, where u
is the averagevolume of the cavities.Both p and p are scalar,as isotropic hardeningand
damageare assumed.The function R(p) definesthe hardeningcurv€ of the material (stressstrain cuwe). The function 8(B) is

rtBt:;-l!-lL
t-to i J o e x p p

=

",/

(3)

where j6 is a constant,indicatingthe initial volume ftaction of cavities,and J is the actual
volume fraction of cavities.
The derivation of Eqs 2 and 3 is detailed in the Appendix; it is not significant to the
following results. wltat bas to be rememberedis that damageresultsin softeningof the
material and lracture proceedsfrom the compelition betweenhardeningand damage:when
damageovercomesthe hardeningof the material at the tip of a crack or in the center of a
tcnsion specimen,there is strain localization,which rapidly resultsin tremendousstrains
and damage.The stressesdecreaseabruptly and vanish,and the zone of strain and damage
localizationcan be assimilatedto a crack.
Therefore, it is not necessaryto introduce a critical value of the damagevariable. As a
matter of fact, ftacture can occur for different valuesof the damagevariable,dependingon
the previoushistory of the material. The only material parametersare the constantsof Eqs
2 al:'d3: D, o,, and fi, When steep gradientsof stressand srrain exist, as at the tip of a
crack, it is acknowledgedthat a c tical distance l. has to be added to the local ftacture
criterion: L.reflectsthe stalisticalaspectsof fracture, the interactionbetweenthe inclusions
and the crack tip in the caseof ductile fracture.
From cavity growth measurcmentsand theoreticalconsiderations,the autho$ concluded
that the constantD does not dependon the mat€rial and can be taken to be equal to 2, at
leastfor the initialvolumefractionof cavities/0 equaltoorsmallerthan 10 I [4]. Thethree
remainingmaterial parameten to be calibratedare these:
(a) /0, related lo the volume fraction of inclusionsf";
(à) ûr, related to the resistanceof the metal matrix to the growth and coalescenceof
cavities;and
(c) (. relatedto interinclusion
spacing.
Cslibration Procedure
How can the paramet€$ fr, o,, and f. be calibrated?Good eslimatesof j' and f. are
obtainedftom metallographicexaminalionsof the inclusions[4]

. (d"d")'''

.

.5
'

(N")'"
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where 4, d, , and d, are the averagedimensionsof the inclusions,z is thc direction of the
load, and N" the number of inclusionsper unit,of volume. The value J, can be calculated
either from the metallographicexaminationsor from the chemicalanalysis(Franklin's formula [5]).
The stresslevel of the hardeningcurve of the material givesa poor estimateof o' [4]. ln
practice, mechanicaltesting is necessaryto calibrate o'. The basic specimensare axisymmetric notchedtensionspecimens.The use of thesespecimensmight seemsurprisingas far
as fracture mechanicsis concerned,but the following must be noted:
l. In a local approachto fraclure, uncrackedgeometriesas well as crackedgeometries
can be analyzed, and material parameterscan be transferredfrom one geometry to the
other.
2. Once a crackhasbeeninitiated in the centerofa notchedtensionspecimen,it responds
like a crackedspecimen.
The calibrationprocedureis depictedin Fig. L In notchedtensionspecimens,the initiation
cu e, Point A
of a crack resultsin a marked changeof the slope of the load-displacement
in Fig. 1, as shown by lests inlerrupted before and after this point [6]. In the numerical
simulationof the test, the location of this point dependson the parameterso, and Jnonly,
and not on f., as there is initially no steepgradientsof stressand strain. If J0is known, the
comparisonof experimentaland numericalcurvesmakesit possibleto calibratethe paramele r û r.
The crackpropagationrate, which dependson 0.,is relatedto the slopeofthe postinitiation
curve, AB in Fig. 1. In a numericalcalculationt'.is the length of the finite elementsin fiont
of the crack tip. So, the estimated f. = 5(N ) '/3can be checkedwith the comparisonof
numericaland experimenlalpostinitiation curves.
Let us point out that no crack growth measurementsare necessary,which makes the
calibration procedure a very simple one comparedwith 'I-Ad resistancecurve testing. On
the other hand, a numericalsimulationof the testsis required, though. fortunately, existing
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load-displacemenl curves of a notched tension specimen (schemalic).
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calculationscanoften be used.Anyway, two-dimensionalelastoplasticanalysesare no longer
a problem with recent computers.The us€ of axisymmetricspecimensmakes these twoperfecrlysurted.
dimensionalanalyses
The constitutiverelationshipswith ductilefracturedamagewere implementedin two finiteelementprograms:
(d) the TITUS program, a general system lor mechanical analysis developed by
Framatome;and
(ô) the ALIBABA program, a two-dimensionalprogram developedby Electricité de
F ance.
Numerouscross-checks
of the two programsdemonstratedthat both give practicallyidentical results.So the resultsobtainedwith the two programswill not be differentiatedin the
following sections.With both, the large changesin geometry are taken into account by
modifying the coordinatesat each load step.
Duclile Fraclûre Charrclerizationof Strùctural Steels
The foregoingcalibration procedurewas applied to severalstructural steels:
1. A low-alloy rotor steel-The specimenswere taken in the tangential direction of a
500-mm-thickturbine disk.
2. An austeniticweld-The specimenswere taken at the bottom ofthe 70-mm-thickweld
in the transversedirection.
3. A first heat, Heat A subsequently,of A508 Class3 steel-The specimenswere taken
from a nozzledropout of a 200-mm-thickpressurizedwater reactor (PWR) vesselshell. in
the long (that is tangential)direction.
examThe chemicalcompositionof thesesteelsis givenin Table 1. The metallographic
inations resulted in f,, : 10 ', l'. = 0.+ mm for the rotor steel [4] and the austeniticweld
[7], and /6 = 1.6 x 10 ', I = 0.55mm for Heat A of the A508 steel[8
The diameterof the minimumcrosssectionofthe axisymmetric
notchedtensionspecimens
was$u = 10 mm, and the outerdiameterwas l8 mm. Thesespecimens
only differedin the
notchradius,whichwas2,4,5. and l0 mm for the AE2, AE4, AE5. and AEl0 specimens,
respectively.
For the rotor steel, two AE5 specimenswere tested at 40'C. The right location of the
initiationpoint was obtainedwith 01 = 490 MPa. The expe mental and numericalload
displacement
curvesare comparedin Fig. 2. The agreementis excellent,and thus the
calibration of the parametercis satisfactory.ln Fig. 3. the highly damagedzone (B > 4.5.
into the crackedzone. is
that is, the void growth ratio u/u0 > 90), which is assimilated
localizedin the minimumcrosssectionof the specimen.
Its radiusis in goodagreement
wilh
the experimentalcracksderivedfrom testsinterruptedat the samediametralcontraction
Aô : 1.5mm. The numericalcrackresistance
curve(loadingparameterversuscrackarea)
is shownin Fig. 4; it is very closeto a straightline. This feature,which is alsoobserved
with other steels.makesit possibleto determinethe crackresistance
curve of a material
with a single specimen:the load-displacementcurve gives the initiation point. and the
interrupted test givesthe final crack area.
For the austeniticweld, AE2, AE4. and AEl0 specimens
were testedat 20"C[7]. The
minimumcrosssectionsof the specimens
were locatedin the middleof the weld line. The
stronganisotropyof the weld metalmadethe diametralcontractionmeasurements
hazard-
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ous. As a malter of fact, only the diameter at ftacture of the specimens,coinciding with
crackinitiation for this material, could be measuredon the broken test pieces.A reasonable
agreementbetween these measurementsand rhe numedcal iniliation points of the three
specimensis oblained wilh ûr = 565 MPa (seeFig. 5) The v€ry steepposliniliation curve
c;lculated for the AE2 specimeris coherentwith the exp€rimentalcoincidenceof initiation
and ftacture (aking into account that the stiffnessof the testing machine is finite, which
promot€s inslability). Neve h€less,stablecrack growth measurementswould be useful to
check the value f" = 0.4 mm.
For A508 steel, Heat A, two AE2 specimenswere testedat 100"C.The numericalcurve
with the calibraledvalue o, = 445 MPa is comparedin Fig. 6 with the experimentalcury€s'
The calibration of the parametersis satisfactory.In Fig. 7, the localizationof damageand
the correspondingcollapseof longitudinalstressin the vicinity of the minimum closssection
of the specimenis shown. (Tbe diametral contraction AÔ is about 2.6 times the end displacementr,; crackinitiationis at !. - 0 61 mm.)
In the conclusionof this sectionthe following can be asse ed:
1. Th€ material characterizationcan be performed on various steelswith simple measurementsand tests (some additional specimentesting would be necessary10 confirm the
charactedzationof the austeniticweld).
2. The numerical simulation of the notcbed lension tesl is in good agreementwith the
experimentalresults,for both crack initiation and propagation.
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Prediction of lhe lnclùsion Cont€nl Elfect on Ductile Fractùre
In this section two additional heats of A508 Class3 steel were tested, Heats B and C.
For Heat B, the specimenswere taken from a nozzledropout of a PWR vesselshell, in the
transverse(that is, axial) direction.For Heat C, the specimenswere taken in the longitudinal
direction from a 200-mm-thickcylindricallorging, used for large-scalepressurizedthermal
(MPA) in Stuttga [9]. The chemical
shocktestingat the StaatlicheMaterialprùfungsanstalt
compositionsof both steelsare given in Table 1. From the metallographicexaminationof
Heat B, a good estimateof the initial volumefraction of cavitiesto be usedin the calculations
is f,, - 19 t [8]. No metallographicanalysisof Heat C has been performed yet, but in this
very cleansteel the inclusionsare expected10 be more or lessspherical,so that J,,- f, can

u2
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be assumed.According to Franklin's formula [5], the volume fraction of inclusionsis J,
7 x1 0 5.
Consideringthat the key differencebetweehthe three heatsof A508 steelis their inclusion
content, the point ol most interest is whether or not it is possible,with the sole parameter
f0, to estimatethe ductilityof the two "unknown" heats.B and C. That is why the first
finite-element
analyseswere performedwith the mechanicalpropertiesof Heat A (same
stress-strain
curve.or, li. and other factors)but with differentJ,,[10 r, 1.6 x l0 r (as in
Figs.6 and 7), and 7 x l0 rl.
The resultsare givenin Fig. 8, togetherwith the meanexperimentalfractureinitiation
pointsdeducedfrom the experiments
on AE2 notchedspecimens.
We can concludethat:
l. The parameterJ,, representswith a good accuracythe eftect of inclusion content in
the rang€of interest(10 I to l0 r).
.
i
2. As first estimates,
i, : tO and 7 x l0 can be retainedfor HeatsB and C.
Note that from Fig. ti an approximation formula can be proposed between f,, and the
numericalductilityat fractureinitiatione, = 2 ln (ô"/ôr)
€f = 0. 104J , ,r ' r r
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where the three points correspondingto lo : 'l x 10 5, 1.6 x 10-', and 10 I are in per.
alignmentin a log-log diagram.
Additional calculationswere performedwith the lrue slress/straincurvesof Heats B
C. The stress-straincuryes of Heats A and B are very close, so il was not necessarl
calibrate the param€ter o1 (o1 = 445 MPa) again. The stress-straincurve of Heat C
significantlylower than lhose of Heats A and B, so the parameterûr had to be reduced
relation for Heal C. The resulting numerical curve, with or = 400 MPa, is plotted
Fi g .9 .
In conclusion,a good prediction of the effect of inclusioncontent on the ductile ftactr
propertiesof a steel is obtained in the proposçdmethodology,through the parameterfo.
Prediction ol lhe Temperaturc Eftect on Ductile Fracture
Carbon steelscan pr€senta drop iû duclility and fracture toughnessin the temperature
range 100to 400"C,known as the "blue brittleness."Earlier work [10] hasshownthat A508
Class3 steel presentsthis phenomenon;it has been demonstratedthat the temperatureof
minimum fracture loughnessdependson the strain rate and that there is a clear correlation
between this phenomenonand dynamic strain aging, resultingfrom dynamic interacrions
betweendislocationsand intenticial atomssuchas nitrogen 111,121.'fhemacroscopicmanifestationsof dynamic strain aging are the serratedflow observedon smooth tension specimens (Portevin-Le Chatelier effect) and an inverseeffecÎ of strain rate on the flow curve
(hardeningcurve) of tbe material. This inverseeffect promotes flow localizationbetween
whichexplainsthe lower ductility and fracturetoughness.
cavities,that is, cavity coalescence,
Amar and Pineauhave performed testsin the temperaturerange100to 450'C on notched
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tension specimens,taken in the longitudinal direction from a nozzle dropout of a PWR
vesselshell [12]. The chemicalcompositionqf the steel (A508, Heat D) is given in Table
1. Mean deformation in the minimum crosssection and diametral contraction at ftacture
initiation are plotted in Fig. 10. In terms of a local approachto fracture, the authon used
the criticalcavitygrowthc terion(R/R0).and,ofcourse,the sametemperatur€
dependence
of (À/Ào).as in Fig, 10.
An equivalentapproachcan be performed with the proposedmethodology.The parameterst0 and [., relatedto the inclusions,shouldnot dependon the temperature.The dynamic
strain agingeffect,resultingin an easierflow localizationin the metal matrix betweencavilies,
is naturally expressedthrough the parametero,, which is related to the resistanceof the
metal matrix to the growth and coalescence
of cavilies.The calibrationprocedurepresented
in the first sectioncan be used, and 01 will presentthe sametemperaluredependenceas in
Fig. 10.
)wever, a more ambitious objective is to really predict the effecl of temperature(and
rain rate) on the ductile fracture propertiesof the material. For this, the inverseeffect
rain rate on the flow curve À(p) is introduced (seethe Appendix)

n(p,h): R(p) + h(p)
rm the smoothand notchedtensiontestsperformedat 300'C and at variousstrain rates
eats B and D, including those in Ref .12,the following relationshipcan be used as a
rpproximation

: R,(p)- Kph (fi)
R(p.p)

(4)

eK: 50 MPa, and p0 = 10 r s ' is the referencestrain rate of the characte zation
.In the step-by-stepelastoplasticnumerical calculation, the equivalent strain rate p
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calculatedat the precedingstep is used in Eq 4 to determine the bardening curye of the
current step.
In the first attempt to model the strain aging effect, the referencecalculationis that of
an AE2 specimenof A508, Heat A (see Fig.6). The diametral contraction al fracture
initiation is L6r = 1-62mm, without strain aging; K = 0 in Eq 4. Two calculationswilh
the inve$e slrain rate effect were pedormed, with K : 50 and 250 MPa. The displacement
rate i, imposed at the end of the mesh is such that the mean strain rate in the minimum
crosssectionis Ê = -2ôlô = 10 3 s '; at the larger strainsit coresponds to ll, : 1.4 x
l0 I mrn/s.
As rl(p) = 0 forp : l0 r s r, the load-displacement
curvesresultingfrom the three
calculationsare almostindistinguishable.But, aswasexpected,the localvaluesof the damage
va able, plolted in Fig. 11, are progressivelymore important in the caseof inversestrain
rate effect, and a forward fracture initiation is obtained: Aôr = 1.58 mm (time = 343 s)
for K = 50 MPa, and Aèr = 1.47mm (time = 309 s) for K = 250 MPa. Note that the
sameparameler, ûr : 445 MPa, is used in the three calculations.As was also expected,
the inve$e strain rate effect givessmallervaluesof the damageva able at fractureinitiation,
that is, smaller critical cavily growlhs.
But even with the arlificially enlarged inverse strain rate effect (K = 250 MPa), the
decreasein ductility A$o is smaller than that measuredbetween 100 and 3m'C (Fig. 10).
So, before a real predictionof the temperatureeffect on ductile fracture can be used, mole
experimenlal work on matedal characterizationat 300"C and a more refined numerical
alsodthm for the inversestrain rate effect are needed.
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Applicslion to Crâcked Slruct[res
The precedingsectionswere devoted to material characterizationand to the prediction
of material propertiesas they are affectedby variousfacto$. The transferringof the characterizationdata 10 structural situationshas still to be illustrated-that is to say, to what
extent has the model, calibrated with notched lension tests, the ability to simulate the
behavior ol a crackedstructure?In the presentapplication,the structuresare simple circumferentiallyfatigue precrackedtension specimens(see Figs. 12 and 13); this geometry
waschos€nbecauseit canbe analyzedwitb a two-dimensionalcalculation.Other applications
to different geometriesand thermomechanicalloadingsare in the making and cannot be
reportedin this shortpaper.
Two different specimensizeswere testedat 100"C;the outer diameterswere ô = 30 and
50 mm. All specimenswere madeof A508 Class3 steçI,Heat A. The radii of the uncracked
sectionsafter fatigue precrackingwere rû = 8.3 t 0.2 mm (ô = 30 mm) and /0 : 13.8 +
0.2 mm (g : 50 mm); the initial crack lenglh was oo : 612 - ru. The erongarronwas
measuredon gagelenglhs L0 : 78.4 mm (ô : 30 mm) and Ln : 130.6mrn (ô = 50 mm).
The interruptedt€st methodwasused:the specimenswere loadedup to variouselongations,
unloaded, heat-tinted, and broken in liquid nitrogen. This allowed a direct measurement
of the crack growth Aa. Note that Ac includesthe "stretch zone', due to the initial bluntins
of the crack tip. More detailscan be found in Ref 13. Each specimengivesonly one poini
(plotled in Fig. 12 or Fig. 13) of the exfre mental crack resistancecurve-the loading
parameter versus crack growth. The loading parameter is the elongation and not the
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data are the
"t-integral, usually plotted in a crack resistancediagram. The elongalion
direct experimentaldata to be comparedwith calculateddata.
Just as in the notchedspecimens,the stable crack growth is obtained numericallyby the
propagationof a highly damagedzone (seeFig. 14). The numericalcrack growth resistance
culves are plolled in Figs. i2 and 13 wilh the following results:

1. The initiation points coincide almost exactlywith the experimentalones
2. The stablecrack growth is predictedwith very good accuracyup to Aa = 1 mm.
3. For Àa ) I mm. the calculationoverestimatesthe experimentalcrack growth.
At least two factors can explain this latter discrepancy:
1. ln real three-dimensionalductilecrackgrowth, the cracksurface,initially flat, becomes
more and more distorled. The different planesalong the crack front have to be reconnected
by shearbandsfor the crackto continueits growth. This shearfracture,andthe corresponding
additional energy, are not taken into accountin the model, basedon cavity growth.
2. There is a statisticaleffect. in which the volume of materialinvolved in crack initiation
and early crack growth is more important than that involved in subsequentcrack growth.
Thus. the probability of havinglarge inclusionsin that volum€ of material is lower for large
crack growth, and a statisticallylower value of f,, should be used. Note that both statistical
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and three-dimensionalellects could be taken into accountwith an a ificially lower value
of Jlr.However. as a whole. the numericalsimulationof crack initiation and srowth can be
consideredof good accuracyfor industrial applications.

Conclùsions
A new methodologyfor ductile lracture analysis,basedon a local approachto ftacture
and damagemechanics,has been applied to the characterizationof structural steels:a NiCr-Mo rotor steel,an austeniticweld, and severalheatsof A508, Class3 steel.The comolete
characterizationcan be performed with simple measurements
and testson notched rension
speclmens.
An effective prediction of the effects of inclusion content and temperatureon ductile
fracture hasbeenattempted,with favorableresulrsfor the inclusionconient effect. throueh
a specificparameter of the model. For the temperatureeffect, a mor€ refined numeriàl
modelingof the inv€Ne strain rate effect on the stress-straincurve should be the subiectof
futurework.
Tbe transferring of material characte zation data to cracked structuresis direct, and
the numerical simulation of crack initiation and growth in circumferentially cracked
tension specimensis in good agreementwith the experimentalresults. Additional applicationsin the caseof thermomechanicalloadingsare in the making, with favorableprelimInaryresults.
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APPENDIX
Theoreticrl Derivrtion of the Equatons of lhe Ductile Frrc'ture Mod€l
Cont inuam t hermody nami cs
onlytheinformationneededforthecomprehensionofthemodelisrecalledinthisshort
section.Fol more d€tails, refel in particular to Ref 14.
The thermodynamic state of an element of material can be defined by "observable"
variables(elastii deformation €., temperature I, and so forth) and "internal" variableso,
which reflàct variousdissipalivemechanisms(plasticdeformation(hardening),damage,and
: Ô (€', d), it can
so forth). Consideringspecificfree en€rgy Ô in the isothermalcase,ô
be shown that dissipatedpower O > 0 takes lhe form

o =9 pda
i ,-9 9 o

(5)

and that

9=ao
p

a€'

(6)

where p is the massper unit of volume. Entering the "forces".z4associatedwith d

.ôô

(7)

Equation 5 is thris written in the form
A = 2Y,Xt
with X = (êp,q) and Y : (olp, A). The definitionof corctitutiverelotionsconsistsof linking
the X to the Y.
y
ln the standardmode,f,viscoplasticcase,a convexviscoplasticpotentialO( ) ' and c tedon
of plasticity, F = 0, are entered' so that X = ÀôF/ôf; that is

lo l

ôt -l
\p/

(8)

a=li

Th e f ils t r elat ions h i p (Eq 8 )i s th e c l a s s i c a l n o rm a l i tytul el nthestandardmodel ' the
(€" d)
behavior of the matèrial ii entirely defired by the choice of the two potentials' è
andF (olp, A) or O (o/P, ,4).
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In the applicationto ductile fracture, the iotemal variablesare divided into:
(a) a hardeningvariablemarkedp and
(â) a damagevariable marked p.

Derivation oJ the Model
Having defined the purpos€of the model as the plastic deformationand ductile fracture
damageof metals, and its scopeas the continuum damagemechanics,in the final analysis
the model is based on two conceptsonly:
(a) the "principle of simplicity" (choiceof the simplestformulation in a given theoretical
framework) and
(à) the standardmodel (HypothesisHl).
The applicationof the principle of simplicity leadsto the hypothesesset out below:
HypothesisH2-The intemal hardening and damagevariablesp and p are scalar (hypothesis of isotropy), and the "forces" associatedwith p and P are denoted P aîd B,
resp€ctively.
HypothesisH3-The thermodynamicpotential ô (e', p, p) is of tbe form
ô = ô .(e " )+ ô ,(p )+ ô Ê(g )
which. accordingto Ëq 7, simply yields P = P(p) aû B = B(Ê). The elasticconstitutive
relationshipsare assumedto be linear, hence
6":

e ' L e "/2

accordingto Eq 6. L is the matrix of elasticmoduli.
HypothesisH4-The plasticpotential F(ô,P,8), in which ô = o/p, is of the form
F:

| (ô .q ,P) + F 1 (t-,8 )

(e)

where
4 = ô.u + P(p) (von Misesyield criterion)

(10)

r':

B(9)g(4.)

HypothesisH4 calls for some comment.
l. F only dependson the first two invariantsof the stresstensor. The sp€cificnature of
the model (ductile ftacture) appearsthrough the first invariant û-.
2. Thc additive form (Eq 9), only, yields simple constirutiverelationsbipsin light of Eq
8 of the slandard model. Equation 10 is also the simplestpossible.
3. û = q / p and not o entersthe plasticpotential, in light of the expressionof dissipared
power (Eq 5). In classicalplasticity, the hypotbesisol incompressibilitymakes ir possible
to neglectthe variationsof p, but this hypothesisis no longeracceptablefor modelingductile
fracture. ln the present model, in the absenceof damage(p = constant), we have p :
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constant,except for elastic deformations;in the oppositecase(p vadable), one can write
p = p(p) as a lilst apprcximation.
.
of hypothesesH1 1o H4 are examinedbelow.
The consequences
Neglectingthe variations in volume due to elastic deformations,the masspleservatron
law can be written
ë + 3 Pè k = 0
However

p = p'(p)p
and the relationsin Eqs 8 yield

3è,-= rB(9)s'('É.)
P = re(a-)
Consequently
g ' (;-)

8(ô-)

- -

P' (Ê)

8(P)P(P)

p; they are
The two membersof this equation are functions of distinct variables,ô- and
a
stress
and which
of
is
the
reciProcal
which
of
dimension
therefore equal to a constant, the
=
to
leads
1/û'
of
The
integration
is called 1/o1.
8'l8

c(É.) = D *P (%)

(11)

in which D is the constantof integration. Here, q' and D are the first two parametersto
in the model.
appear
'in
light of Eq 11, the plastic potential is written as in Eq 2

F =b -R (p )+B (p )D " *( #)
in whichR(p) = -P(p) is the hardeningcurveof the mateial The relationsin Eqs 8 of
the standardmodelfrnallYleadto

(12)

èh= pB '"D*o(*9. )

u =u" *o (*,o)

(13)

352

NONLINEARFRACTUREMECHANICS:
VOLUMÊll

io:' èP'

and

3

s 4 = o u -o .ô ,;
ëlj = èlj - èk6,,
are lhe deviatorsof o and ÈP,respectively.Computationof é€qyields èlq : p; the intemal
hardeningvadable thus identilies with the cumulatedequivalentplastic deformation.
The function B(p) remains to be specified.Consideringcavitiesof dny shape with an
overageyollumeu in an incompressiblematrix, it is easyto show that the volume fraction
of cavities f is such that
J

(14)

_:

f0 -ù -u
Moreover, the massper unit of volume is given by

p

(1s)

Po

To simplify the notation, p is defined as the relalive density obtained by dividing the
density of the damagedmaterial by that of the material in its initial state: the initial value
of p is therefore p,, = l. Equations 14 and 15 yield
g:
u

-p ' Ê
p (l - p + p j ' )

As a result of Eq 13 and p = ê&

p'

i)

'l

= I - --::---------------- ltr€r"
-_.,/",\
- -l
l|
^."'' exD

u

L p(r-p+pJr,)l

\pû,/

(16)

There is a striking analogywith the equation of Rice and Tracey (Eq 1): it should be
recalledthat the exponentiallorm is not a hypothesisin itself but that it flows from HypothesesHl to H4. Through a new and last applicationof the p ncipl€ of simplicity, it is
assumed(HypothesisH5) thal Eq 16 reducesto

9 : ot,- .*o {&)
v

\Por,/

=
that is, to the Rice and Tlaceyequationif D : 3 x 0.283,p = 1,ando,:2v,"13
2ool3 in the nonhardeningcase. (Note lhat D : 2 was used in this paper, in agreement
with caviiy growth measurements;the Rice and Traceycoefficient0.283is recognizedto be
too small [4].) HypothesisH5 implies

p(p)=

1 - fo + fo exp Ê

(17)
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1/o', Eq 17 yields Eq 3

ojfi,'*l
trl/a' = ,
l,- ^
-..)
r-.l o + J n e x PF
A third parameter,the initial volume fractiot of cavitiesJ0,is thus addedto o' and D. The
use of Eq 17 is optional; in a numericalcomputation, p can be deduceddirectly ftom the
field of displacements.
The model is thus Tully defined with the only guidance being systematic selection of the
simples,lormulation.
V iscoplastic Case
Again, accordingto the p nciple of simplicity, the viscoplasticpotential is in the form
case.As
O(v) : O(F(v)), with F(ô,P,8) I 0 in the viscoplastic

.
'

ôO
AP

dA aF
dF ôP

.iO
dF

the other componentsof X = (èP,p, p) are given by X : PôFlôY, exactlyas in the plastic
case(Eqs 12 and 13), in which also p = Ëtq
The difference is that F : â(p), instead of F = 0 in the plastic case' where ft is the
reciprocalfunction oi dÙldF. F : ,(i) gives

a* - R(p) - h(P) + a(P)D exP{ %)

=o

One interpreiation of the viscoPlastic model is to handle it numerically like a plastic model,
but with a hardeniog curve depending on the strain rate
n( p, è)

= R( p)

+ h(it)
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